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Abstract

Unstructured data, such as images and text, are increasingly used in empirical economics.
Since training machine-learning models on unstructured data is costly, economists often use
off-the-shelf pre-trained deep learning models developed by computer scientists to extract
embeddings, which are then used as covariates in target economic analyses. Despite the
popularity of this practice, its theoretical foundations remain limited. There are two main
difficulties. First, pre-trained models are typically trained on different datasets and for different
tasks, making it unclear when they can be used reliably for the target task. Second, the
embedding function is subject to an identification problem, complicating the analysis of
its estimation error and the effect of that error on the target task. We provide sufficient
conditions to overcome these difficulties. A key condition, which we call transferability, governs
the convergence rate we derive. This rate depends on three components: target estimation
error with the pre-trained embeddings treated as standard covariates, source estimation error
adjusted for the strength of transferability, and approximation error of the target model class
using embeddings as inputs. We also extend this analysis for high-dimensional embeddings. To
assess transferability, we develop a computationally feasible bootstrap test that does not require
re-estimating the embeddings and nuisance functions. Our theory applies to a wide range of
double machine learning applications, including partially linear regression with unstructured
controls, price elasticity estimation in demand models accounting for product quality measured
by images and text, missing-data imputation using unstructured data, and average treatment
effect estimation with unstructured confounders. As an empirical application, we estimate the
labor supply elasticity on Amazon Mechanical Turk, an online labor market platform, using

job-description embeddings as controls.
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1 Introduction

Empirical economists increasingly use pretrained deep-learning models to extract embeddings
from images and text and then include these embeddings as covariates in downstream economic

! Embedding functions map unstructured inputs into vectors in a smaller but

analyses.
potentially high-dimensional latent space that preserve relevant information from the original
data. These models, however, are generally trained on a source dataset to perform a source
task, both of which typically differ from their counterparts in the target economic application.
It therefore remains unclear when the resulting embeddings can be used reliably in the target
task. From an econometric perspective, this workflow constitutes a two-step estimation
problem (Pagan, 1984; Murphy and Topel, 1985). It also raises an identification problem:
embedding functions are generally not uniquely identified, complicating the analysis of their
convergence rates and downstream effects. This paper provides sufficient conditions under
which this workflow yields valid inference in econometric analyses and a computationally
feasible bootstrap test to assess a key condition, which we call transferability.

The structured dimensionality reduction can be substantial. A color image is typically
represented by the intensity values of its pixels. For example, an image with resolution
224 x 224 and three RGB color channels has

224 x 224 x 3 = 150,528
— ~~
pixels RGB channels

raw input values. Similarly, a text document is typically represented as a sequence of tokens
drawn from a large vocabulary, corresponding to a vector with more than 30,000 dimensions.
These raw vectors are ultra-high-dimensional and lack direct economic interpretation in the
sense that individual pixel values or naive aggregations of token vectors generally do not
correspond to economically meaningful variables. This makes them difficult to use directly
in standard empirical specifications, motivating the use of embeddings as lower-dimensional,
structured representations of the same underlying information.

Pre-trained embeddings can provide valuable information in empirical economics. In some
applications, including embeddings can materially change estimates of parameters of interest,

including their sign and statistical significance, relative to specifications that omit them.? Since

'In the machine learning literature, embeddings are also commonly referred to as extracted features or
learned representations.

2The following is an incomplete list of applications that use embeddings as covariates. Jean, Burke, Xie,
Alampay Davis, Lobell, and Ermon (2016) use satellite image embeddings to predict local poverty status.
Avivi (2025) uses patent-text embeddings to control for application quality when studying gender bias in
patent examination. Dube, Jacobs, Naidu, and Suri (2020) estimate the elasticity of task vacancy-filling



training such representation models from scratch typically requires an extremely large sample
and substantial computational resources, economists often rely on pre-trained embeddings as
structured summaries of raw inputs.

Despite the empirical popularity of this workflow, its theoretical foundations remain limited.
There are two main theoretical difficulties. First, the pre-trained model is usually trained on
a different dataset and for a different task than the economic application; thus, it is unclear
whether the pre-trained representation is valid for the target task. Second, the embedding
function is usually not identified: for example, we can insert a matrix and its inverse between
the last hidden layer of a deep neural network and the output layer without changing the
output.

To address these difficulties, we first formalize the setup containing a source task for the
computer scientist and a target task for the economist. The embedding function is estimated
from the source task and then used in the target task. In practice, the economist can access
the pre-trained embedding function from the computer scientist via standard deep learning
libraries such as PyTorch, but it is difficult or impossible for the economist to observe the
source sample used to train the embedding function. Our theory allows for this practical
setting by treating the source sample as unobserved for the economist.®

We then show that two conditions are key to justifying the two-step workflow of using
pre-trained embeddings in the target task. First, we assume that the source task and the target
task share the same best-approximating embedding function by requiring that approximation
errors of both tasks are small when a shared embedding function is used for both. This
condition formalizes the common (implicit) assumption in the empirical literature that the
pre-trained embedding function summarizes the relevant information in the unstructured data
for the target task. Second, we impose a transferability condition requiring that a neighborhood
of the source task identified set is contained in the corresponding target task neighborhood. If
the embedding function is the last hidden layer of a deep neural network and the economist

uses a linear model on top of it, the transferability condition requires that the coefficient of the

speed with respect to rewards, using task-description embeddings as controls. Bach, Chernozhukov, Klaassen,
Spindler, Teichert-Kluge, and Vijaykumar (2024); Bajari et al. (2025); Compiani, Morozov, and Seiler (2025)
use product text and image embeddings to control for product quality in hedonic regression and demand
estimation. Klaassen, Teichert-Kluge, Bach, Chernozhukov, Spindler, and Vijaykumar (2024) study causal
effects with multimodal data. Across these applications, the common assumption is that embeddings summarize
economically relevant information in otherwise unstructured inputs and can be used as covariates to control
or to impute missing variables. Related applied work uses product embeddings not primarily as controls,
but to measure similarity in product space (Han and Lee, 2025; Magnolfi, McClure, and Sorensen, 2025).
In macroeconomics, Casella, Fernandez-Villaverde, Hansen, Oishi, and Shin (2026) propose a framework to
incorporate textual information into structural macroeconomic models using topic models and text embeddings.

3In the machine learning literature, this is known as a transfer-learning setup in which knowledge learned in
the source task is reused in the target task (Pan and Yang, 2010).



target task lies in the linear span of the source-task coefficients associated with the embedding
function in population.

To illustrate the importance of the transferability condition, we compare a partially linear
model with unstructured controls under two designs in Figure 1, where one design has the
target nuisance lying in the span of the source tasks and the other design does not. The
in-span design produces an estimator centered near the true parameter. By contrast, the
out-of-span design exhibits a clear shift, motivating a transferability condition that rules out

such non-transferable directions. See Appendix I for details of the simulation.
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Figure 1: Histogram of g for the in-span and out-of-span designs.

Under these conditions, we show that the convergence rate of transfer learning can be
faster than n~/4, which is sufficient for valid inference in the double machine learning (DML)
framework of Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey, and Robins (2018)
for a size-n target sample. Our convergence rate accounts for randomness in both the source
and target samples and depends jointly on the complexities and sample sizes of the source
task and the target task. The convergence rate in the target task is determined by the slower
of the source-side and target-side rates.

Our transferability theory also provides practical guidance for applied researchers. First,
the transferability condition is easier to justify for later hidden layers of a deep neural network
than for earlier hidden layers, because earlier hidden layers introduce more complex partial
identification issues. Thus, the last hidden layer is preferable as the embedding function if the
economist is otherwise indifferent between earlier and last hidden layers. Second, even under
the sufficient conditions we impose and when the last hidden layer is selected as the embedding
function, the embedding function is still not point identified, and it is only identified up to

an invertible linear transformation. Partial identification of the embedding function makes



variable selection, such as LASSO, fragile. Instead, we recommend using ridge regression
or shallow neural networks for the target model since they are robust to invertible linear
transformations of the embeddings.

We also develop a computationally feasible multiplier bootstrap test for transferability.
The test compares DML estimators across embeddings pre-trained for the same source task
using different pre-training procedures, such as different random seeds for the initial values. It
computes critical values from weighted sums of estimated influence functions; thus, bootstrap
draws do not require re-estimating embeddings or nuisance functions. Under the regularity
conditions, rejection provides evidence against transferability.

As an empirical illustration, we apply the framework to Amazon Mechanical Turk, an online
labor market platform, using the data of Dube et al. (2020). We use pre-trained embeddings
of job descriptions as controls to estimate the elasticity of task-filling speed with respect to
posted rewards. We compare alternative text representations and nuisance learners and use
the bootstrap test to assess robustness to embeddings trained with different random seeds.
The empirical application motivates a new empirical practice: assessing and reporting the
robustness of DML estimates across embeddings pre-trained for the same source task with

different random seeds.

Related Literature The literature most closely related to ours can be grouped into three
strands. First, our paper contributes to the growing literature on inference with variables
generated from unstructured data. Fong and Tyler (2021); Angelopoulos, Bates, Fannjiang,
Jordan, and Zrnic (2023); Egami, Hinck, Stewart, and Wei (2023); Battaglia, Christensen,
Hansen, and Sacher (2025); Carlson and Dell (2025); Duan and Pelger (2026); Ludwig,
Mullainathan, and Rambachan (2026); Zhang, Xue, Yu, and Tan (2026) provide a framework
to correct bias arising from variables generated from unstructured data in the context of
missing data. They typically assume a missing completely at random (MCAR) condition or
a known propensity score.” As discussed by Carlson and Dell (2025), the known propensity
score assumption can be relaxed if we can estimate it with sufficiently fast convergence rates.
However, the convergence rate of propensity-score estimators based on unstructured data is
not studied in these papers. Beyond missing variable imputation, Rambachan, Singh, and
Viviano (2024); Carlson (2025); Modarressi, Spiess, and Venugopal (2025) study settings in
which unstructured data are used to construct outcome measures. Our paper departs from

this literature by studying a general double machine learning setting in which generated

4Except for Battaglia et al. (2025), these papers use a missing-variable-imputation framework to handle
missing data in the context of Chen, Hong, and Tarozzi (2008).



embeddings enter the nuisance learning stage as inputs for both outcome imputation and
propensity score estimation.

Second, several recent papers use pre-trained embeddings with theoretical justifications
for downstream inference. Vafa, Athey, and Blei (2025) study wage-gap decomposition with
foundation models. Bach et al. (2024) show that multimodal embeddings from text and images
can improve demand estimation and elasticity analysis. These two papers establish square-
root-n consistency for the parameter of interest under high-level conditions. Christensen
and Compiani (2026) develop a bias correction in demand counterfactuals when product
differentiation is proxied by finite-dimensional nuisance parameters reparameterized from the
embedding function and economic parameters.” While the scope of Christensen and Compiani
(2026) is different from ours, their theory takes convergence of the nuisance parameters as
given, and our theory can complement their theory by providing sufficient conditions for
the convergence in probability. The closest paper to ours is Schulte, Riigamer, and Nagler
(2025). They study the estimation of the average treatment effect (ATE) with unstructured
confounders and point out the identification issues of the embedding function. However,
they ignore source-task estimation error and assume transferability across tasks implicitly.
Our paper differs by deriving a general convergence rate theory under explicit transferability
conditions and by incorporating source task estimation error. This source task error is essential
for valid target task inference.

Third, our transferability condition is related to the transfer learning literature in machine
learning. Tripuraneni, Jordan, and Jin (2020) introduce task diversity as a key condition for
learning a shared representation that transfers well to new tasks, and Watkins, Ullah, Nguyen-
Tang, and Arora (2023) derive optimistic excess-risk bounds for multi-task representation
learning under related diversity conditions. The rate in Watkins et al. (2023) is comparable to
our rate, but their theory requires a realizability condition that the risk of the best predictor
is zero, which is hard to satisfy in economic applications. Our paper uses a similar task
diversity condition to ensure that the source task representation is valid for the target task,
but we provide an econometric characterization of the condition through an identification lens.

1/4 convergence rate for the estimated embedding function, which

Moreover, we provide an n~
is directly applicable to econometric inference in the target task. In contrast, the machine
learning literature typically studies excess-risk bounds for prediction and often obtains slower

convergence rates for the estimated embedding function.

5Such reparameterization is not available for the general DML setup we consider in this paper, which
includes Examples 2.1 to 2.4.



Structure of the Paper Section 2 introduces the DML framework, motivating applications,
and the transfer learning setup. Section 3 develops the general convergence theory and
characterizes task diversity. Section 4 derives convergence rates under lower-level conditions,
including results for high-dimensional embeddings. Section 5 develops the multiplier bootstrap
test for transferability. Section 6 presents simulation results, and Section 7 applies the
framework to the Amazon Mechanical Turk data. Section 8 concludes. The supplementary
appendix contains proofs, additional theoretical results, an extension to multimodal transfer

learning, and further simulation and empirical results.

Notation For deterministic sequences a,, and b, we write a,, < b, if there exists a constant
S ap. We

define the L"(P) norm as |jal|p, = {Zthlf |las(v)|"dP(v)}Y/" for a function a : V — RT,

where a; is the ¢-th element of a, and ||al/s = sup,ey |a(v)| for a function a : V — R. For a

C > 0 such that a,, < Cb, for large n, and we write a,, < b, if a,, < b, and b,

vector v € RT| we define the ¢" norm as ||v]|, = {Zle |ug|"}1/7 | where v; is the t-th element
of v. For a matrix A € RT*K we denote the t-th largest singular value of A by o;(A), the
largest singular value of A by omax(A) = 01(A), and the smallest singular value of A by
Omin(A) = Onmingr, K} (A). We also define the smallest nonzero singular value of A by o;’lin(A).
We define the spectral norm (or operator norm) as || A||sp = Omax(A), the Frobenius norm as
Al F = \/Zzzl Zle Af’k, and the nuclear norm (or trace norm) as ||Al|« = ?;irll{T’K} oi(A).

We denote the Moore-Penrose pseudo-inverse of a matrix A € RT*K by AT € REXT For a

square matrix A € RT*T

, we denote the t-th largest eigenvalue of A by . (A), the largest
eigenvalue of A by pimax(A) = p1(A), and the smallest eigenvalue of A by pimin(A) = pr(A)

when all eigenvalues are real.

2 Setup

We first introduce the general DML setup, then four empirical applications, and finally formalize
the transfer learning setup for the machine learning components. In the following examples,
we consider the setting where the economist has a sample of size n for the target task and the
computer scientist provides the pre-trained embeddings E() estimated independently from a

different source task. See Section 2.3 for the detailed discussion of the embedding functions.

2.1 Double Machine Learning (DML)

Let ¥(W;; 0,7+, a) be a moment function, where W; is an observation from an i.i.d. sample, 0

is the parameter of interest, and (-, «) is an infinite-dimensional nuisance parameter vector.



We consider the moment condition:
E[yp(W;;0%,7",a)] =0, (1)

where 6* is the true value of 8, and (v*, a*) is the true value of (v, ). We assume that +*
and o are unknown functions of Z;, which is a subvector of W; containing unstructured or
ultra-high-dimensional variables such as images and text. The remaining components of W;
are low-dimensional and structured, such as an outcome variable and a treatment variable.
We assume that the computer scientist provides a pre-trained embedding function E(z)
estimated from a different source task. In this setting, it is common for the economist to
estimate the nuisance parameters (v*, a*) using the pre-trained embeddings iVL(ZZ) as regressors
in the target stage models. Let ]‘Al, and fa denote the estimated target heads. For each nuisance
component ¢ € {v,a}, let A, be the identity map when the target head estimates a conditional
mean by squared loss, and let Aq(u) = A(u) := 1/(1 + exp(—u)) when the head estimates log

odds by binary logistic loss. The nuisance estimators entering the DML score are
ﬁzAvoﬁ,oE, a=AMNgo fyoh.

Here, Ay o J?v o I is the composite function defined as Ao f; o 77,(2) = A,y(.]/c;(;/l(z))) For
vector-valued nuisance functions, the prediction maps are applied componentwise. The DML

estimator 6 is the solution of the sample moment equation
1 n
~ Y $(Wi6,7,6) =0. (2)
i=1

To use the DML theory, we typically verify three key conditions: (i) Neyman orthogonality

with respect to (v, ),® (ii) sample splitting, and (iii) a sufficiently fast convergence rate of the

nuisance parameters:’
IV =Allp2 = op(n™") and [|a” —&llp2 = op(n~'Y), (3)
where || - || p2 is the L?(P) norm for the distribution of W;, and the op notation is with respect

SEscanciano and Pérez-Izquierdo (2026) study locally robust estimation with generated regressors. While
their theory suggests that the generated regressors affect inference on the parameter of interest in general,
this effect of generated regressors does not arise in our setup. We discuss the relationship to their results in
Appendix A.2.

"We implicitly assume that the Neyman orthogonal score function is smooth enough to use a second-order
Taylor expansion. See also Assumptions 3.3(b) and 3.4(c) in Chernozhukov et al. (2018) and the discussion
after that.
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Figure 2: Sample Splitting with Transfer Learning

to the source and target samples used to estimate (ﬁ, fa) and h.

The first condition holds by construction of the score, and the second holds by the sample-
splitting procedure. Because the source sample is independent of the target sample and is used
only to estimate nuisance parameters, the sample-splitting condition holds once the target
sample is split between nuisance estimation and parameter estimation (Figure 2). Alternatively,
for some machine learning models, we can use the leave-one-out stability condition in Chen,
Syrgkanis, and Austern (2022) to avoid sample splitting. Since the remaining DML arguments
are the same as in Chernozhukov et al. (2018), we omit the details. Under additional regularity
conditions on the moment function in Chernozhukov et al. (2018), the asymptotic normality
and consistency of the asymptotic variance estimator are guaranteed. Thus, this paper focuses

on the third condition: the convergence rate of the nuisance parameters.

Remark 2.1. We implicitly assume that the two target stage machine learning models f., and
fa use the same embedding function A from the source task for notational simplicity. However,
we can easily extend our theory to the case where two target stage machine learning models

use different embeddings h, and h, from different source tasks. W

2.2 Applications

We include four empirical applications to illustrate the DML setup with pre-trained embeddings.

Our theory can cover any DML model having the same structure as these examples.

Example 2.1 (Partially Linear Model with Unstructured Controls.). We consider the partially
linear model Y; = X,;0* + k*(Z;) + U; with E[U; | X, Z;] = 0, where Y; is the outcome, X; is
a scalar variable, Z; is a vector of unstructured or ultra-high-dimensional control variables
such as images and text, K*(-) is an unknown nonparametric function, and U; is the error

term. The parameter of interest is the coefficient 0* of X;. This is the classical partially linear



setup (Robinson, 1988), now with controls represented by unstructured-data embeddings. We
assume that an economist has a sample of size n, {(Yi, Xy, Z;)}1, for the target task. The
parameter 6* is estimated by solving the Neyman orthogonal score E[t)(Wy; 0,~*, a*)] = 0, where
Wi = (Y5, Xi, Zi), (W3 0,7, o) = {(Yi—(Zi)) = (Xi—a(Z:))0}(Xi—a(Zi)), v*(Zi) = E[Yi|Z4],

and o*(Z;) = E[X;|Z;].5 The DML estimator is given by

i (1S (x.—a .2_1<1” ZN (YVi—7 )
0 (n > (Xi-a() ) 2 22 (X)) (=3 ) (1
Example 2.2 (Demand Estimation with Text and Image Data of Products). Consider a
variant of the demand estimation model in Berry (1994), motivated by the recent findings by
Bajari et al. (2025) and Compiani et al. (2025) that text and image embeddings of products
are informative about consumer choice. Let 6% be the parameter of interest, which is the price
coefficient. Let Y; be the logarithm of the relative market share of product i, X; be the price of
product i, and Z; be the unstructured or ultra-high-dimensional control variables of product
i, such as product images and descriptions. A simple demand estimation model is given by
Y, = X;0* + k*(Z;) + Ui and E[U; | X;, Z;] = 0, where k*(Z) is an unknown nonparametric
function and U; is an error term. Under the exogenous price assumption, we can use the
partially linear model as in Example 2.1 to estimate the price coefficient 0*. The exogenous
price assumption can also be relazed. Suppose that the price X; is endogenous due to the brand
effect, and the economist observes an instrumental variable V; for the price X;, such as a cost
shifter. Consider the demand model given by Y; = X,0* + ~*(Z;) + U, E[U; | Z;, V] = 0,
Vi =a*(Z;) + ei, and Ele; | Z;] = 0. The parameter of interest 6 is estimated as the solution
of the Neyman orthogonal moment equation B[y(W;; 0,~*, o*)] = 0, where W; = (Yi, X5, Vi, Zy),
Wiz 0,7, ) = (Vi = Xib =(Z:))(Vi — a(Zi)), and o*(Z;) = E[Vi| Zi].

Example 2.3 (Imputation with Unstructured Data). Suppose that an economist observes
a sample of size n, {(Y;, D; X, Dy, Z;)}I' ¢, and is interested in the regression coefficient 6*,
which is the solution of the moment E[(Y; — X;0)X;] = 0, where Y; is the fully observed
outcome and X; is a scalar covariate with missing values. X; is observed if D; = 1 and
missing if D; = 0. The economist can use the unstructured or ultra-high-dimensional variables
Z; to predict the moments involving X;. We impose the missing at random assumption,
(X:,Y;) 1L D; | Z; (Rubin, 1976). Let a*(Z;) = P[D; = 1| Z;] be the propensity score and
assume that o*(Z;) is bounded away from zero. The parameter 0% is estimated by solving the
Neyman orthogonal moment equation E[t)(W;;0,~*, o*)] = 0, where W; = (Y;, D; X;, Dy, Z;),

8 Alternatively, we can use the score Y(Wi;0,k,0) = (Yi— X0 —k(Z:))(Xi —a(Z;)) with nuisance parameters
(k*,a"). Chernozhukov et al. (2018) show that both scores are Neyman orthogonal.

10



Y(Wis 0,7, ) = (Di/a(Z:))(YiXi — X70 — (11(Zi) —72(Z:)0)) +1(Z) — 72(Z:)0, 71 (Z:) =

logistic loss, the score uses @ = Ao fa o h on the probability scale.

(V§,73). When the propensity is trained by binary

<

Example 2.4 (Average Treatment Effect with Unstructured Confounders). Let D; € {0,1}
denote treatment, Y;(d) the potential outcome under treatment status d € {0,1}, and Z; the
unstructured or ultra-high-dimensional confounders. The average treatment effect (ATE) is
0* = E[Y;(1) — Y;(0)]. Assume that the observed outcome satisfies Y; = D;Y;(1)+ (1 — D;)Y;(0),
and impose unconfoundedness, (Y;(0),Y;(1)) IL D; | Z; (Rosenbaum and Rubin, 1983). Let
a*(Z;) = P[D; = 1| Z;] be the propensity score and assume the overlap condition: £ < o*(Z;) <
1—¢ almost surely for some fized ¢ € (0,1/2). Let v*(d, Z;) = E[Y; | D; = d, Z;] = E[Yi(d) | Zi].
The ATE 0* = E[v*(1, Z;) — v*(0, Z;)] is estimated using DML with the Neyman orthogonal
moment equation E[y(W;; 0,v*, a*)] = 0, where W; = (Y, D;, Z;) and Y (Wy;0,v, ) = (D;(Y;—
A1, Z) (@l Z5)) — (1= Di) (Yi=1(0, Z0))/ (1~ Z0)))+ (1 (1, Zi)—4(0, Z5)—6). If the propensity
is trained by binary logistic loss, its fitted log odds are converted to & = A o fa oh before

evaluating this score.

2.3 Transfer Learning

In this subsection, we explain the transfer-learning setup for the DML estimator. We explicitly
consider the source task for the computer scientist, together with the target task for the
economist.

Hereafter, let Ps, and P, denote the source and target task distributions, and let Eg,
and E¢, denote the corresponding expectations. Let P and E denote the joint distribution
of the source and target tasks and its expectation, respectively. Thus, the expectations and
probabilities used in the above subsections are under the target task Ei, and P, except for
the op notation, which is with respect to both the source and target tasks.

We consider the setting where a source sample of size m and a target sample of size n
share the same best-approximating embedding function h,, (Definition 3.1). Our asymptotics
let both the source sample size m and the target sample size n go to infinity, where the rate
at which m diverges may depend on n. Formally, we treat the source sample size m = m,,
as a sequence indexed by the target sample size n and let m,, — co as n — co. Suppose
that these samples are generated by (S}, Z;) ~i.id. Pso for j =1,....,m and (Y;, Z;) ~iid Pia
for i = 1,...,n, where (S;,Z;) and (Y}, Z;) are independent and Z; and Z; have different
marginal probability distributions. Here, S; € & C R is the outcome for the source task,
Y; € Y C R is the outcome for the target task, and Z;,7Z; € Z C R? denote unstructured or

ultra-high-dimensional covariates.

11



Source Task for Computer Scientist We focus on the most empirically relevant setting
where the source task outcome is multi-valued, i.e., S = {1,2,...,T + 1} for some integer
T > 1. Then, the source task is multi-class classification with 7'+ 1 classes and the computer
scientist trains the pre-trained model g o h(z) : Z ++ R” to provide the predicted log-odds for
each class t = 1,...,T against the base class T+ 1. Let h : Z — V C R¥ be an embedding
function returning h(z) € V for some integer K > 1, and let g = (g1,...,97) : V — RT be
a model for the source task, where g;(v) is the t-th element of g(v) for t = 1,...,7. We
normalize the score of the base class as gr+1(v) = 0 for every v € V. Let Gy, denote the
function class of g, G; » denote the function class of g; for each t =1,...,T', and H,, denote
the function class of h for the source task. For example, in a deep neural network model, the
model can be decomposed as g o h, where h is some hidden layer of a deep neural network
and g is the remaining transformation from the hidden layer to the output layer. For a given
loss function fs : RT x S — R, let the set of population minimizers be the solution of the

. . o . . . Q
population risk minimization:’

Ry = argmin Eg[lso(g 0 h(Z), 5)]. (5)
gegmthHm
For a score vector aso = (Gso 1, - - -, 0s01) € R”, we similarly normalize the base-class score as

aso,7+1 = 0. The most common loss function for multi-class classification is the multinomial
logit loss: !’
T T
lso(so, S) = — Z 1{S = t}aso + log (1 + Zexp(aso,t)> .
t=1 t=1
The key observation here is that the source task is essentially trained on T different tasks
g1, ..., g7 with shared embeddings h(Z) € RX to classify labels with T+ 1 classes.

The computer scientist observes a sample of size m, {(S;, Z;)}]L; ~ P, for the source

~

task and estimates the pre-trained model (g, k) by some estimation method, such as empirical
risk minimization:
m
Y .1
(gah) € argmin *ngo(goh(zj)asj)' (6)
9E€Gm heHm m j=1

Target Task for Economist Next, we consider the target task for the economist. The

economist will train the target model f o h(z) : Z +— R to predict the target outcome Y €

9As in Farrell, Liang, and Misra (2021), we assume that minimizer(s) exist for both population and sample
risk for simplicity. For the statistical convergence rate theorem, exact existence is not crucial as we can always
replace the infimum by a function within a functional class with arbitrarily close risk.

10T his loss function is also common in the machine learning literature, where it is often called the cross-entropy
loss with a softmax output layer.
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using learned embeddings from the source task. Let f : )V — R be the model for the target
task, where F,, is the function class of f for the target task. Let £, : R x JV +— R be the loss
function for the target task such as the least squares loss for regression and the logistic loss
for binary classification. Given an embedding function h,, from the source task, let F"(h,,)

denote the set of solutions to the population risk minimization problem:

F® (hm) = arg min Ba[fea(f © hin(2),Y), (7)
feFgub

where F5U"P C F,, is a subset of a functional class J,, for the target task, possibly subject to
restrictions such as a sparsity restriction for LASSO in a linear model F,,. We often have
Foub — F. without additional restrictions, for example for linear regression or shallow neural
networks.

The economist observes a sample of size n, {Y;, Z;}, ~ P, and knows the pre-trained
model & given by the computer scientist, but does not observe the source sample. Since the
embedding \f/L(Z) is often high-dimensional, the economist can use various machine learning
models for f in the target task. For example, the economist uses a pre-trained convolutional
neural network (CNN) to extract high-dimensional embeddings h(z) (e.g., embeddings of
dimension 4,096 from VGG19’s final hidden fully connected layer after activation) from ultra-
high-dimensional image data (e.g., pixel information with 150,528 dimensions). The extracted
embeddings are then used as regressors, for example, in a ridge regression of the outcome Y;
on h(Z;).

Finally, the economist estimates the target model fby empirical risk minimization:'!

—~ 1< o
feargmin—> "l (f o h(Z:), Vi), (8)
fer, i

In our theory, we allow small optimization errors for both estimators as shown in (6)
and (8) in Theorems 4.1 and 4.2.

In summary, a computer scientist provides the pre-trained model (g, ivz) estimated from
the source sample {(5}, Z;)}]2;, and an economist uses the embeddings h(Z;) as regressors to
estimate the target function f in the target sample {(Y;, Z;)}7;.

Below, we present four examples of the transfer learning setup. Further details of pre-trained

deep learning models are provided in Appendix B.

Example 2.5 (DNN Embeddings for Ultra-High-Dimensional Data). Consider the setting

" Throughout the paper, we impose suitable conditions ensuring that minimizers indexed by random variables
exist and are measurable.
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where the computer scientist trains a deep neural network (DNN) on the source task and the
economist uses the learned embeddings as inputs to machine learning models in the target DML
task. In this case, the embedding function h is given by the last hidden layer of the DNN, and
the pre-trained model g is given by the output layer of the DNN (linear regression). Economists
can use various machine learning models, such as shallow neural networks and ridge regression,
for the function f in the target task. The data Z can be ultra-high-dimensional, and the
DNN can extract high-dimensional embeddings of the data using a source task nonparametric
regression problem, where the outcome S is a continuous variable and the loss function Ly, is

the mean squared error loss.

An autoencoder is a special case of the DNN in Example 2.5, where the source task is
the nonparametric regression task with the same input and output, i.e., S = Z, and the loss
function 4y, is a distance function between the input and output, such as the mean squared

error loss (Hinton and Salakhutdinov, 2006).

Example 2.6 (CNN Embeddings for Image Data). The computer scientist trains a CNN, such
as VGG19 (Simonyan and Zisserman, 2015) or ResNet50 (He, Zhang, Ren, and Sun, 2016), on
the source task'?, and the economist uses the learned embeddings as inputs to machine learning
models in the target DML task as in Example 2.5. The embedding function h is the output of
the final hidden fully connected layer after activation in VGG19 and the flattened output of the
final average-pooling layer in ResNet50. In both cases, the remaining classifier is affine, and
the source head g returns its logit contrasts relative to a baseline class, as in Section 2.5. The
covariate Z is an image, and the CNN can extract high-dimensional embeddings of dimension
4,096 for VGG19 and 2,048 for ResNet50 from the image using the nonparametric classification
task in the source task, where the outcome S is an image label (1,000 classes in ImageNet)

and the loss function Uy, is the cross-entropy loss (negative log likelihood).

Example 2.7 (Transformer Embeddings for Text Data). The computer scientist trains a
transformer model, such as BERT (Devlin, Chang, Lee, and Toutanova, 2019), on the source
task'®, and the economist uses the learned embeddings as inputs to machine learning models in
the target DML task as in FExample 2.5. BERT is pre-trained on two tasks: masked language
modeling (MLM) and next sentence prediction (NSP). The last transformer block returns a
contextualized state for each token in the input text. Masked language modeling predicts the
original token at randomly selected positions, including selected tokens that remain unchanged

in the corrupted input. Next sentence prediction uses the state of the special token [CLS]

12Pre-trained models for both CNNs are available in the torchvision package in PyTorch.
13Pre-trained models for BERT are available in the Hugging Face Transformers package in PyTorch.
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to predict whether the second sentence follows the first, in which the special token [SEP]
separates the sentences. Both tasks use cross-entropy loss, with approzimately 30,000 token
labels for masked language modeling and two labels for next sentence prediction. For a text-level
embedding of dimension 1,024 in BERT LARGE, we consider either the transformed [CLS]
state or the mean of the transformed MLM states over positions eligible for token prediction,

excluding [CLS], [SEP], and [PAD].

See Appendix B for details of the functional form of the pre-trained models in the examples

above.

Example 2.8 (Multimodal Embeddings for Image and Text Data). The economist can also
use the multimodal embeddings learned by the computer scientist. For example, the economist
can use 1mages and text as unstructured inputs and extract embeddings separately using a

pre-trained CNN and a pre-trained transformer.

3 Transfer Learning Theory

This section and the next present our main theoretical results on transfer learning for DML.
For this purpose, we first introduce the best predictors for the source and target tasks. Suppose

that the source and target tasks admit best predictors satisfying

*

< € arg min Eso[gso(aso(z)v S)]

aso: square-integrable

a

and

ag, € arg min Etallta(ata(Z),Y)],

ata: square-integrable
respectively. For example, suppose that the source loss function /s, is the multinomial logit loss,
Po(S=t|Z)>0foreveryt=1,...,T+1, Py-a.s., and the corresponding log-odds functions
are square-integrable under Ps,. Under the normalization af, 7, ;(Z) = 0 and suitable moment
conditions, the best source predictor is almost surely unique and given by the log-odds of the
class probabilities, ag, ;(Z) = log(Pso(S =t | Z)/Pso(S =T +1| Z)) for t =1,...,T. For the
target task, if the loss is the squared loss fia(ata(Z),Y) = (1/2) x (Y — ata(Z))? and suitable
moment conditions are satisfied, the best predictor is almost surely unique and given by the
conditional expectation of the outcome as af,(Z) = E,[Y | Z], and if the loss is the binary logit
loss i (a1(2), Y) = —Y log(exp(aia(Z))/(1+ exp(aia(2)))) — (1~ ¥) log(1/(1+ explasa(2)))
and suitable moment conditions are satisfied, the best predictor is almost surely unique and
given by the log-odds of the conditional probability as af,(Z) = log(Pa(Y = 1| Z)/Pa(Y =
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0| Z)). In DML applications, these two loss functions are the most common for the target
task. '

In this section, we develop a general convergence rate theory for the target model ]?o h by
relating it to the source task performance of the pre-trained model § o T relative to the best
predictor a},. In Section 3.1, we introduce two key concepts: a best-approximating embedding
function and task diversity. In Section 3.2, we present the theorem on the convergence rate of
the target model in general form. Section 3.3 discusses sufficient and necessary conditions for

task diversity.

3.1 Key Concepts
3.1.1 Best-Approximating Embedding Function

We first introduce the concept of a best-approximating embedding function, which is a key
definition for the transfer learning theory. In general, a’, and af, need not be representable as
gm © hy, and f,, o hy,. This mismatch arises from restrictions on the source classes G, Hm
and the target class F5' even if there exists an embedding function that captures the
common features of the source and target tasks well. The following definition quantifies the

approximation error for both source and target tasks.

Definition 3.1 (Approximation Error). For sequences of functions (gm,hm) € Ry, and

fn € F2"(h,,), we define the approximation errors for the source and target tasks as

lgm © han = agoll Poo,2 =+ €s0,m) (10)

| fn © b — agal| Pra2 = €tan- (11)

Remark 3.1. This definition allows egm and €ta, to depend on (gm,hm) and (fn, hm),
respectively, but we suppress this dependence in the notation for simplicity. If there exists a
best embedding function A* such that h* € H,, eventually and there exist some measurable
functions ¢* and f* such that a’, = g* o h*, af, = f* o h*, then we can interpret h* as the
best embedding function and ¢g* and f* as the best source and target predictors, respectively.

Although it is common to assume the existence of the best embedding function in the transfer

YMFor binary logistic loss, the probability nuisance is A o af,, and its estimator is A o fo h. Since 0 < A (u) =
A(uw)(1 — A(u)) < 1/4 for every u € R,
(9)

.7 * 1+ ¥ *
|roFohi—noas|  <i|foh-ai
2

Pya, Pta,2

Thus, the convergence rates below for the fitted log odds also bound the probability-scale nuisance error
required by DML.
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learning literature and set €0, and €a , exactly to zero, we allow the approximate embedding
function to cover more general cases where there is no best embedding function, but the source

and target models can be well approximated by some embedding function. W

Under the assumptions of Theorem 3.1, target prediction consistency follows when the
target estimation error, the source estimation error adjusted for transferability, and the target
approximation error all decay to zero. The approximation errors depend on the richness of the
function classes G,, and fflub and how well h,, captures the common features of the source
and target tasks. Suppose that both tasks use squared loss, G,,, and F'P are unrestricted
linear head classes, and the outcomes and coordinates of h,, are square-integrable under
their respective task distributions. Then gy, o hy, and f,, o h,, are the L?(Pys,) and L?(P,,)
projections of a}, and af, onto the span of the constant and the coordinates of h,,, respectively,
with the source projection interpreted coordinatewise. This parallels series regression (Newey,
1997), with learned embeddings replacing fixed basis functions. Note that constrained or

nonlinear head classes need not yield this projection.

3.1.2 Task Diversity

Next, we introduce the concept of task diversity, which is another key definition. We define
task diversity in a way that makes its connection to identification explicit. The reader can
refer to Appendix A.1 for a detailed comparison with existing definitions of task diversity in
the machine learning literature. For functions (g, hm) € R and f, € F2®(h,,), define the
following approximate identified sets of h,,, for p > 0:

Haon(p) o= {10 € o5 it g0 0 ol < 0}

and
Hiam(p) = {h € Hm S, Ifoh—faohmlp,s < p}’

where we assume that the minimum exists for both the source and target tasks for simplicity.
Note that Hso,m (0) and Hiam (0) are the identified sets of hy, for the source task and the target
task, respectively. If h,, is identified, these sets shrink to {h,,} as p | 0. In general, however,
h., need not be identified, and these sets can contain multiple elements. It is known that the
hidden layers of the deep neural network are identified only up to some transformations, such
as the permutation of the order of the hidden units, the scaling of the hidden units, and the
rotation of the hidden units (Grigsby, Lindsey, and Rolnick, 2023). See also Example 3.2 for

another example of partial identification of the embedding function for middle hidden layers
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of a deep neural network.

Definition 3.2 (Task Diversity). Fix functions (gm,hm) € Ry and f, € F2(h,,). For
function classes G,,, Hm, and ]:Z“b and some pgo,, > 0 and pgapn > 0, we say that g, is

(Pso,ms Pran)-diverse over fy, with respect to hy, if

Hso,m(ﬂso,m) C Hta,m(pta,n)- (12)

Thus, the task diversity condition requires that if h is in a near-identified set of the source
task, then h is also in a near-identified set of the target task, where the distances are measured
by the L?(P,,)- and L?(P;,)-norms, respectively.

The name “task diversity” comes from the intuition that if the T source tasks are sufficiently
diverse, then any embedding function h close to the source task identified set should also be
close to the target task identified set. This intuition and sufficient and necessary conditions
for task diversity are formalized in Section 3.3.

Next, we introduce the concept of v,-transferability, which is defined in terms of the task

diversity condition.

Definition 3.3 (v,-Transferability). Fix a sequence {v,}2% satisfying v, > 0 for every n,
sequences of functions (g, hm) € Ry, and f, € }',Slub(hm). For sequences of function classes
{Gm Y1, {Hm }_, and {F5P1% | we say that gy, is vy, -transferable to f,, with respect to hy,

at rate 6y, if for every sequence {pso,m too_; such that psom = O(6m), the (psom, Pra,n)-diversity

condition holds with ptan = psom/vn for all large enough n.

vp-transferability at rate &, requires that the (psom, pran)-diversity condition holds for
all source-side sequences pgo.m = O(0p,) With pean = psom/Vn. The quantity v, captures the
identification strength of the target task informed by the source task. Larger v, implies that
the task g, is more transferable to f, since it implies a smaller target task near-identified set
given the near-identified set of the source task.

We will relate the sequences pgo m to the convergence rates of the source task introduced
below. Let f € argminse zsub HfO\FL—anhmHPta’Q be the best approximation of the population
target model f,, o hy, by the estimated embedding function h. Formally, f» depends on \ﬁ, but

we suppress the dependence for notational simplicity.
Assumption 3.1 (Convergence Rate of Models).

(1) (Source Model) There exists some sequence dgom > 0 such that

= OPso (5SO,m)~ (13)

vo\f/L— oh ‘
Hg Grm " pyo,2
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(ii) (Target Model given 71) For every sequence of estimated embedding functions he Hom

satisfying (13), there exists some sequence o, > 0 such that

= Op(Tta,n)- (14)

frei- 2o,

The first part of this assumption states that the pre-trained model g o h converges to the
population source model gy, © hy, at some rate dso,,. The second part states that the target
model fo h converges to the population target model f3 o f at some rate Ttan given the
estimated embedding function k. Note that the Op notation in the second part is with respect
to both the source and target samples since h depends on the source sample. This assumption
is high-level, and we will provide more primitive sufficient conditions in Section 4 to avoid
assuming this directly.

Now, we assume the v,-transferability condition with the convergence rate of the source

task dso,m.-

Assumption 3.2 (Transferability with Convergence Rates). For sequences of function classes

{Gm Yoy, {Hm S, and {FSWP}2,, there exist (gm,hm) € R and fn € F5®(hy) such
that the task gm, is vp-transferable to f, with respect to hy, at rate dsom, where dsom s the

convergence rate of the source task defined in Assumption 3.1.

Assumption 3.2 and the quantity v, play a key role in determining the convergence rate of

the target model fo h as we will see in the next subsection.

3.2 Convergence Rate of Target Model

Our main theorem on the convergence rate of the target model is as follows.

Theorem 3.1 (Convergence Rate of Target Model). Suppose that Assumptions 3.1 and 3.2
hold. Then, for every sequence of estimated embedding functions he Hy satisfying (13), we
have

H]?O h— ag, = Op (Tta,n + Oso,m/Vn + €ta,n) - (15)

ta,

This theorem states that the convergence rate of the target model foﬁ to the best predictor
af, is determined by three components: (i) the convergence rate 7, , of the target model given
the estimated embedding function E, (ii) the convergence rate of the source task adjusted by the
transferability strength v, and (iii) the approximation error €, , due to a best-approximating
embedding function. Thus, the rate of the target model is determined by the slowest of

these three components. The target-stage rate ri, , is achieved when transferability is strong,
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the source task converges sufficiently fast, and the approximation error is sufficiently small.
In particular, under the theorem’s assumptions, 7t n + 0so.m/Vn + €tan = 0(1) suffices for

consistency of the target predictor.

Remark 3.2. Applied work using source task embeddings often ignores the estimation error
of the pre-trained model and directly applies the DML theory for the target task by treating
the estimated embedding function h as the best-approximating embedding function h,,. This
theorem provides a theoretical justification for this common practice by showing that the
estimation error of the pre-trained model can be negligible if the transferability is strong, the
source task converges sufficiently fast, and the approximation error is sufficiently small.

However, there are two important differences between the current practice and the theoreti-
cal result in this theorem. First, current practice often ignores the randomness of the estimated
embedding function }/L, while our convergence rate is with respect to joint randomness under P,
rather than target sample randomness under Py, alone.'” Second, applied work often ignores
nonidentification of h,, and the associated task diversity condition. Without considering the
nonidentification issue, the convergence point of machine learning models in the target task
can depend on a specific optimization algorithm including the choice of initialization and the
order of observations in the optimization steps used by the computer scientist to estimate the
pre-trained model in the source task, which is not desirable for the economist.

The v,,-transferability condition ensures that, for any nonnegative sequence py, = O(ds0,m)
and all sufficiently large n, the source task near-identified set Heo m(pm) is included in the
target task near-identified set Hiam(pm/vn). While the sequence h does not converge in
probability to one specific function due to nonidentification, as h eventually belongs to the
source task near-identified set Hgo m (pm) with high probability, the v,-transferability condition
ensures that it also eventually belongs to the target task near-identified set Ha m (pm/vn) With
high probability (Figure 3). Together with Assumption 3.1, this ensures that the target model
fo h attains the rate in Theorem 3.1 for every pre-trained embedding sequence satisfying (13),

regardless of the optimization algorithm used to obtain it. B

The next theorem gives a useful necessary condition based on the source task identified set
Hso,m (0). We will revisit this necessary condition in Section 4.2.2 for the specific case of the
LASSO.

150ur rate is pointwise with respect to the sequence of estimated embedding functions heHm satisfying
(13). Extending the result to a uniform convergence rate over the estimated set of embedding functions h,, is
an interesting direction for future research, but doing so would require additional assumptions and is beyond
the scope of this paper.
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Ha’o.m (0>

Figure 3: Transferability and embedding nonidentification.

Notes: The figure illustrates the concept of transferability and embedding nonidentification. The black dots
represent the sequences {h1,m }m and {ha,m }m converging to two different functions, the blue sets represent
the source task identified set (solid line) and near-identified set (dashed line), and the orange sets represent the
target task identified set (solid line) and near-identified set (dashed line).

Theorem 3.2 (Necessary Condition for Convergence of Target Model). Fiz sequences of
functions (gm, hm) € R and f,, € F5(hyy,). Let f;,hin € arg minyc psu ||foh;rn—fnohm||pta’2
be the best approximation of the population target model fy, o hy,, by the embedding function
hin. Let f; pi. € ArgMmin e reu LS L ba(fo hIn(ZZ'),Yi) be the corresponding estimator of
the target rr;odel. Suppose that, for every deterministic sequence h:rn € Hsom(0),

17, p1 0 Rl — foni e hYllPa2 = 0p, (1),

Hfmhin © hjn - a:aHPta,Q = OPta(l)'

Then, Hso,m(0) C Hiam(ptan) for some sequence prarn = o(1).

Remark 3.3. The v,-transferability condition in Assumption 3.2 is stronger than necessary
for convergence of the target model for simplicity of presentation. A weaker sufficient condition
f oh— f n © hm P

ta,

is that min ez = Op(0so,m/vn) for every sequence of estimated

embedding functions h e H,,, satisfying (13). Indeed, this weaker condition is necessary

in the following sense: if € n = O(dso.m/Vn)s Ttan = O(dsom/vn), and Hfo h— ay,

ta,

Op (0so,m/vn) for every sequence of estimated embedding functions he M satisfying (13),
foh—fno hm‘

then min ¢¢ reun
Theorem 3.2. A

. Op(dso,m/vn). The proof is similar to the one for
ta,

3.3 Closer Look at Task Diversity

In this subsection, we discuss sufficient and necessary conditions for task diversity in Defini-
tion 3.2.
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3.3.1 Sufficient Condition

We first assume that the density ratio of Z in the source and target tasks is bounded away

from zero.

Assumption 3.3 (Prediction Bound for Source Model). There exists w, > 0 such that
Pso(2)/pra(2) > w2, Pia-a.s., where pso(z) and p(2) are the densities of Z in the source and

target samples with respect to a common dominating measure.

Assumption 3.3 holds only if the support of Z in the target task is included in the support
of Z in the source task. We allow w,, to decrease slowly to zero as n increases, but not too
quickly. Although it is commonly assumed in the machine learning literature (e.g., Johansson,
Sontag, and Ranganath, 2019), the density ratio condition is a strong assumption especially
when Z is unstructured data. Relaxing this assumption is beyond the scope of this paper and

is an important direction for future research.

Theorem 3.3 (Sufficient Condition for Transferability on the Mean Squared Loss). Suppose
that there exists a Lipschitz function T : RT — R with Lipschitz constant Lr such that
|| fro 0 by — T 0 Gm © hun|| P2 < 0n for some tolerance pn, > 0. For this I', we assume that for
every h € Hsom(psom), there exists f € F' such that ||f oh —T o g8, o hllp,, o < 0n, where
gp, € argmingeg ||goh —gm o hmHPSD,Q' Then, under Assumption 3.3, gm 1S (Psoms Pran)-

diverse over fp with respect to hy, for every psom > 0 and pran = Lrpsom /W, + 20n.

This theorem provides a sufficient condition for (pso,m, pta,n)-diversity based on the existence
of a Lipschitz function I that relates the target model f;, o h,, to the source model g, 0 h,,. The
first condition requires that the target model can be approximated by applying the Lipschitz
function I' to the source model with some small error g,,. The second condition requires that
for every embedding function h close to the source task identified set, there exists a target
model f that can approximate I" o g5, o h with some small error p,,. Under these conditions and
the density ratio condition in Assumption 3.3, the task g, is (Pso,ms LT Pso,m/W,, +20n)-diverse
over f, with respect to h,, for every psom > 0. Note that transferability is stronger if the
Lipschitz constant Lt is small, the approximation error g, is small, and the constant w,,
related to the infimum of the density ratio is large. In the extreme case Ly = 0 (i.e., I' is
constant), we have (pso,m,20n)-diversity. Holding the remaining quantities fixed, a smaller Ly
gives a tighter sufficient bound.

In the next example, we verify the sufficient condition in Theorem 3.3 when both the

computer scientist and the economist use linear models.
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Example 3.1 (Linear Model). Consider the simple linear models for both f, and g, i.e.,
fnohm(2) = atan + B{amhm(z) and Gm © him(2) = Qsom + Bsomhm(z), where agan € R,
Bran € RE, asom = (som1s--+r tsomr) € RY, and Bsomn = (Bsom.15- - - s Bsom1) € RTXE
with Bsom,i € RE fort=1,...,T. Let G, be the class of linear source heads Ja,B(V) = a+ Bv
with « € RT and B € RT*E and F5 be the class of linear target heads fo 5(v) = a + B'v
with a € R and g € RE. If Bgo,m has full column rank, i.e., rank(Bso m) = K, then

F(x> = Qtan t+ Béa,nBs—Z,m<w - aso,m)

satisfies fn 0 hym =T 0 gy © hyy for any linear f,, where B, . := (B, ;,Bsom) ' Blo is the
Moore-Penrose inverse of Bsom.

On the other hand, if rank(Bsom) < K, gm is not diverse for all directions. An affine
function T' with an intercept satisfying fn © hy = T o gy © hyy exists for every value of hy,
if and only if Bian belongs to the row span of Bsom. That is, there exists b € RT such that
Bian = Y Bso,m-'® Then, we can choose I'(x) = ata,n+5{a7nBng7m(x—aso,m) by the definition of
the Moore-Penrose inverse Bso,mBsJB,mBsqm = Bsom and ﬂéam = b/Bsom. Since the intercept
does not affect the Lipschitz constant, Ly = ||3{, ,B& mll2 < [|Bramll2/0hin(Bsom) in both
cases.” Thus, by Theorem 3.3, gm s (Pso.ms LT Pso.m /W, )-diverse over f, with respect to hy,
if, for every h € Hso m(pso,m) and every corresponding best linear source head (g, s BS, 1) €

arg min, cpr perrxx || + Bh — (asom + Bsomhm) || p o, the linear model
/ —+ ° °
V= Qtan T Bta,nBso,m(aso,m — Qsom T+ BSO,mv)

belongs to FSUP. In particular, the displayed linear model belongs to F5'° if FSU contains all

linear models.

Example 3.1 shows that, when the target class contains all linear heads with intercepts, the
row-span condition is sufficient for transferability with o, = 0. Under the regularity conditions
in Theorem 3.4, the same condition is also necessary for (0,0)-diversity. Intuitively, if the
coefficients of the source tasks are informative enough to represent the coefficients of the
target task, the transferability condition holds. Thus, if we want to guarantee transferability

uniformly over all target tasks for every possible B;,, this requires at least K source tasks

6More generally, by allowing some approximation error g, > 0, we can instead assume that there exists
b € RT such that |(Bta,n — b Bsom)hm (Z)|| Pra,2 < 0n. Choosing I'(z) = aan + b (@ — @so,m) gives Lipschitz
constant Lt = ||b||2 and approximation error at most g,. In this case, gm i (pso,m, LT Pso,m/W,, + 20n)-diverse
over f, with respect to h.,, provided that the functional class condition holds. Note that the approximation
error g, induced by I' is always zero in the full-column-rank case.

'"The inequality follows from Lemmas E.16 and E.17.
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(T > K). The next corollary states sufficient conditions for general Lipschitz target models,

which include the linear target case as a special case.

Corollary 3.1 (Sufficient Condition for Transferability for Linear Source Models). Let G, be
the class of linear source heads go, p(v) = a+ Bv with a € R” and B € RT™*K | and suppose
that gm o hy = Qso.m + Bso,mhm, where ago m € RT and Bso,m € RT*K - Consider any Lipschitz

target model class }',Slu'o with Lipschitz constant Lr. Suppose that, for every psom > 0, every

h € Heom(Psom), and every corresponding best linear source head

(aso,m’ Bso,m) € arg min ”a + Bh — (aSO,m + BSO,mhm)”pso,z )
a€RT | BERT XK

there exists f € F such that
foh=fn (B:(_),m(ago,m — Qso;m + Bs.o,mh)) ) Pia-a.s.

Assume Assumption 3.5 holds. If Bsom has full column rank, then gm, is (pso.m, Pran)-diverse

over f, with respect to hy, for every psom > 0, where

Lr
Ptan = mpso,m-

The corollary implies that, when the source task is linear and the target task is Lipschitz, the
vp-transferability condition holds if the source task coefficients are informative enough to repre-
sent the target task coefficients. Moreover, the transferability measure v, = w,,0min(Bso,m)/LF
is larger if the source task has a larger minimum singular value oyin(Bso,m), the target task
has a smaller Lipschitz constant Lz, and the density ratio of Z in the source and target tasks
is bounded away from zero with a larger value of w,,. Figure 4 illustrates the minimum singular

value of the source task coefficient matrix B p,, Writing 8y = Bso,m,¢ for t = 1,2, 3.
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B3

B3 B

82 | 82
(a) Diversified tasks (0min(Bso,m) =~ 0.70711)  (b) Non-diversified tasks (omin(Bso,m) ~ 0.05467)

Figure 4: Minimum singular values of the source coefficient matrices Bsom = (81, B2, B3)’.

Notes: In both panels, 31 = (cos15°,sin15°,0)" and B2 = (cos75°,sin75° 0)’. The third coefficient is
B3 = (1,1,2)"/+/6 in panel (a) and B3 = (10,10, 1)’ /+/201 in panel (b). All coefficient vectors have unit norm,
and both matrices have full rank. The coefficients in panel (b) are nearly linearly dependent. Holding Lr and
w,, fixed, the larger minimum singular value in panel (a) yields a larger transferability measure vy,.

3.3.2 Necessary Condition

The following theorems provide necessary conditions for task diversity. We start with the
linear case as in Example 3.1. When B, p, is rank deficient, there is a direction v(Z) in the
embedding space that is not captured by any of the source tasks, but it can be relevant for
the target task. Intuitively, if the source tasks are not diverse enough to cover all directions of
the target task, transferability generally fails for the uncovered directions of the source task

coefficients. See the next theorem for a formal statement.

Theorem 3.4 (Necessary Condition for Linear Models). Suppose that the population source
and target heads are linear as in FEvample 5.1, so that gm o hy = Qsom + Bsomhm and
fnohm = an + B{amhm. Assume that Gy, contains every linear source head v — o + Bw,
where o € RT and B € RT*E | and that every f € F2™ is a linear target head v — a + v,
where a € R and 3 € RE. Assume also that Bea[(1, hn(2)) (1, hin(Z)")] is positive definite and
that, for every unit vector v € RE | there exists some ¢ € RE such that (Ix — vV hp + ¢ € Hip.
If g is (0,0)-diverse over f, with respect to hy,, then there exists a vector b € RT such that
Bian = V' Bsom, and there exists an affine function T'(x) = can + BianBey (T — Qsom) such
that fn, 0 hy(Z) =T 0 gm0 hi(Z), Pia-a.s.

The assumption (Ix — vv')hy, + ¢ € Hy s a technical condition that allows us to construct
a function h that attains the same source prediction as h,, but a different target prediction
from h,,,. For some functional classes H,, such as the class of ReLLU-activated hidden layer

functions, H,, only contains nonnegative functions, but it satisfies this assumption by choosing
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¢ to be sufficiently large if ‘H,, is sufficiently rich.

The following theorem provides necessary conditions for transferability in a general model
with a nonlinear source task under sufficiently rich function classes H,, and G, so that the
nonlinear analog of the construction of A in the proof of Theorem 3.4 is possible. Note that

we do not put any restriction on the function class ]-",Slu'o.

Theorem 3.5 (Necessary Condition for Transferability in General Models). Assume that
frnohm € LQ(Pta), where P, in this norm denotes the target marginal distribution of Z. We
also assume that there exists hg € Hgom(0) such that ho # hy, and f o hg € L?(P,,) for every
f € FsU. Then, if g is (0,0)-diverse over f, with respect to hy,, there exists a measurable
function Tg : RE — R such that f,, o hyy(Z) =Tgo ho(Z), Pa-a.s.

In particular, suppose that

————————Pua
a(ho(2)) C o(gm © hm(2)) ",

where the right-hand side is the P;,-completion defined in Lemma E.2. Then there exists a

measurable function T : RT — R such that fn 0 hy(Z) =T 0 gm 0 hin(Z), Pia-a.s.

The existence of a distinct hg in Theorem 3.5 means that the population source model
does not uniquely identify the embedding. Such source nonidentification commonly arises in
deep neural networks, where different hidden representations can be paired with compensating
source heads. As (0,0)-diversity requires Hgom (0) € Hia,m(0), the existence of 'y is needed
to adapt the nonidentified embedding function. The sigma-field inclusion condition is an
additional information condition for the target distribution. For the same hg, it states that, up
to Pia-null sets, the population source output g, o h,, contains all the information on ho(Z).
Sufficiently rich classes G,, and H,, are needed for the construction of a source-equivalent hg
satisfying this condition. Under this additional condition, the existence of I" is necessary for
(0,0)-diversity.

Under the assumptions of Theorem 3.5, including the sigma-field inclusion, measurable
factorization fy, 0 hp(Z) =T 0 g © hy(Z), Pia-a.s., is necessary for (0, 0)-diversity. Lipschitz
continuity of I' and the target-class representation condition remain additional sufficient
restrictions in Theorem 3.3; their necessity is not established by Theorem 3.5. However, the
next example shows that the transferability condition may not hold even if both f,, and g,

are linear but the pre-training model class G, is nonlinear.

Example 3.2 (Counterexample for Nonlinear Pre-training Model). Suppose that hy,(Z) € Ry

and both tasks use the mean squared loss. Suppose that fﬁ“b 18 a set of linear models as in
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Ezample 3.1, but G, includes any shallow neural networks with one hidden layer with ReLU
activation of width 2. Suppose that Z ~ Unif [—1,1], hpn(Z) = |Z|, fu() = gm(:) = (+) are
identity maps and T = 1. If we choose h(Z) = Z + 1, then we have

min ||g o h(Z) — gm o hm(Z)H?DSO 2 =0,
gegm ’

since g € Gm can approximate the function gm o hym(Z) = |Z|, for example, by g(x) =

ReLU(z — 1) + ReLU(—(z — 1)) (see Figure 5). On the other hand,

min [|foh = foohm|b, =E[(1/2—2])*) = 1/12 > 0,
feFsup '

since f € F2UP is linear and cannot approvimate fy, o hy(Z) = |Z| perfectly. Thus, g is not

(0,0)-diverse over f, with respect to hyy,.

Embedding h,, Head g, Embedding h Head ¢
(bias) = —1

h(z)=2z+1

(bias) =1

(a) Reference network (b) Equivalent source network
Figure 5: Equivalent Neural Networks with Different Embeddings

Notes: Both networks satisfy gm(hm(2)) = g(h(2)) = o(2) + o(—2) = |2| for z € [-1,1]. o(u) = max{u,0} is
ReLLU and + denotes a weighted sum. Edge labels give weights and biases are zero unless shown.

From this section, we have seen that the transferability condition is substantially stronger
for nonlinear source heads G,, than for linear source heads G,,. This is because the nonlinear
source head G, can approximate a much richer class of functions than the linear source head
Gm, which makes it more difficult to satisfy the diversity condition. Therefore, if the economist
is indifferent between linear and nonlinear source heads, the linear source head is preferable

for guaranteeing the transferability condition.
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4 Convergence Rate of Transfer Learning under Lower-Level

Conditions

4.1 Low-dimensional Case

In this section, we provide lower-level primitive conditions for the convergence rates for the
transfer-learning problem without the high-level conditions of Assumption 3.1. We first
introduce some notation. For a function class F, let V(F) be the VC dimension of the set of
subgraphs of functions in F.'® To avoid technical complications concerning the measurability
of the supremum, we assume that the functional classes F,, f;“b, and G, o H,,, are pointwise
measurable. '

We start with the convergence rate of the target model given the estimated embedding

function & from the source task. Before we state the theorem on the convergence rate of the

target model fo \f/L, we assume one more condition on the target loss function.
Assumption 4.1 (Conditions on Target Task).

1. For every sequence {psom oy such that psom = O(dsom), every f € F,, and every
h e ,Hso,m(pso,m)y we have

If o = allp, 2 S Eeallia(f 0 1(2),Y)] = Erallia(afa(2), Y)] S I f 0 h = il 2

for large enough m and n.

2. The loss function l,(+,+) is Lipschitz continuous in the first argument with some constant
Cg,ta > 0.

This assumption requires that the excess risk of the target loss function is bounded above
and below by the squared L?-norm. This assumption is standard in statistical learning
theory and is imposed in many existing works (e.g., Farrell et al., 2021). Lemma E.3 verifies
the excess-risk comparison and the required Lipschitz comparison over uniformly bounded

candidate-score ranges for least squares and binary logistic loss.

8The subgraph of a function f : X — R is the subset of X x R given by {(z,y) : ¥ < f(z)}. The VC
dimension of a set of subgraphs is defined as the largest integer such that there exists a set of points with
cardinality equal to the integer that can be shattered by the subgraphs. See van der Vaart and Wellner (2023),
Section 2.6 for more details.

19 A measurable functional class F is pointwise measurable if it contains a countable subset F° such that
for every f € F there exists a sequence f; € F° with f;(v) — f(v) for every v, where the convergence is with
respect to the Euclidean norm. See van der Vaart and Wellner (2023), Section 2.3 for more details.
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Theorem 4.1 (Convergence Rate of Target Model). Let

V(Fy,)log(n
Tran = M (16)
n
For every estimated embedding function h satisfying Assumption 3.1 (i), let f € F, be an

estimated target model satisfying

1 n n
- ;Eta(f oh(Z;),Y;) < }reu}[i n geta(f o h(Z;),Y:)
+ OP(TtQa,n + (580,7’1/””)2 + 6‘%a,n)' (17>

Suppose that || f|lcc < Mp < oo for every f € F,,. Then, under Assumption 3.1 (i), Assump-
tions 3.2, 3.3 and /.1, we have

Hfo \]; — (I:a =0Op (rta,n + 6so’m/yn + Eta,n) . (18)

ta,

The theorem shows that, under standard conditions on the function class F,, and the
target loss function, the convergence rate of the target model j/”\o h to the best predictor af, is

governed by the VC dimension of F,, and the target sample size n.

Remark 4.1 (Fine-tuning). Our theory accommodates fine-tuning by allowing h to differ from
the source task estimator. This remains valid provided T is estimated on a sample independent
of the final parameter estimation sample and fo h converges to f,, o hy, faster than n=1/4.
Thus, the economist can fine-tune the embedding function using the same sample to train f,
provided fine-tuning improves the target model convergence rate relative to the unfine-tuned
embedding function, whose convergence rate is given by Theorem 4.1. Since fine-tuning does
not necessarily improve the accuracy of the target model (Kumar, Raghunathan, Jones, Ma,
and Liang, 2022, Table 1), it is important to check the convergence rate of the fine-tuned
embedding function to ensure that the fine-tuning is not harmful to the convergence rate of
the target model. For example, the economist can check by cross-validation whether the loss

of fo h with fine-tuning is smaller than the loss without fine-tuning. The formal hypothesis

testing procedure for this comparison is proposed by Fava (2025). B

Next, we provide a theorem on the convergence rate of the source model g o h to the
population source model g,, o h,,. The rate of convergence for deep learning models is an
active area of research and can be improved in future work. Importantly, our transfer learning

rate of the target task uses the convergence rate of the source model as an input; thus, any
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improvement in the convergence rate of the source model can be directly translated into an

improved convergence rate of the target model by our theory.
Assumption 4.2 (Conditions on Source Task).

1. For every g € G, and h € Hp,

Tr2n |lgoh— QZOH?DSO,Q S Eso[lso(g 0 h(Z),S)] — Eso[lso(a5o(Z), )] S llgoh — a:oH??so,Q
(19)

with some sequence T, € (0,1] for large enough m and n.

2. The loss function s (-, ) is Lipschitz continuous in the first argument with some constant

Cf,so > 0.

3. There exists a sequence Lg , > 1 such that every g € Gy, is Lg y-Lipschitz with respect

to the FEuclidean norm, uniformly over G,,. That is, for every v,v € V,
l9(v) = g(@)[l2 < Lgmllv — 2.

The loss conditions in parts (i)-(ii) are satisfied with 7,, = T~ if the loss function is the
multinomial logistic loss and the Euclidean-norm bound M in Lemma E.4 holds uniformly in
m and T over all g € G,,, and h € H,, and for af,. Part (iii) is a regularity condition on the
source-head class rather than the loss function. It rules out discontinuous heads and allows
the entropy of the composite class G, o H,, to be controlled by the coordinatewise entropies
of G,, and H,,.

The next theorem relates the convergence rate of the source model in Assumption 3.1 (i)

to the VC dimensions of the function classes H,, and G,,.

Theorem 4.2 (Convergence Rate of Source Model). Let

A \/ 1) V(i) 108 (ML K) + 13 V(Gs) log (mT) 0

2
T,

Let h € Hp and § € Gy, be any estimated embedding function and source model estimator

satisfying

- 1 X
D oo h(Zi),S) < min = "l(goh(Z:),S;)
] =1

9EGm heHm M p

+ Op, (TSQO,m + 6go,m)' (21)
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Suppose that sup,¢c z [|h(2)|2 < My < oo for every h € Hy,, and sup,cy [|g(v)|]2 < Mg < oo

for every g € Gp,. Then, under Assumption 4.2, we have

P o = OPSO (Tso,m/Tm + 6so,m/Tm) s (22)

H.\Q/O;/l_gmohm‘

= OPSO (Tso,m/Tm + 6so,m/Tm) . (23)

50,2

~ Y *
Hgoh_aso

This theorem states that under some standard conditions on the function classes H,,
and G,, and the source loss function, the convergence rate of the source model § o T to the
population model g, o hy, (or the best predictor af,) is determined by the coordinatewise VC
dimensions of H,, and G,,, the logarithmic factors induced by the embedding dimension K,
the output dimension 7', and the head Lipschitz constant Lg ,,, the source sample size m, and
the curvature term 7, of the source loss function.

Theorems 4.1 and 4.2 together imply that, under the transferability assumption, the
convergence rate of the target model J?o h to the best predictor aj, is governed mainly
by five components: the ratio of the VC dimension of the target model class F,, to the
target sample size n; the ratio of the source complexities for H,, and G,, to the source
sample size m; the transferability rate v,; the approximation error terms €, 5, and €go p; and
the curvature term 7, of the source loss function. To use the primitive source bound, set
Jso.m = (Tso,m + €so,m)/Tm and impose the target theorem’s assumptions at this rate. Under the
assumptions of both theorems, ¢, n + (Tso.m + €so,m)/(Tmn) + €tan = 0(1) suffices for target
prediction consistency. For example, V(F,) = O(K) if F,, is a class of linear models with K
regressors, and V(F,) = O(W,, L, log(W,,)) if F,, is a class of ReLU DNNs with W,, parameters
and depth L, (Bartlett, Harvey, Liaw, and Mehrabian, 2019, Theorem 7). In particular, the
rate improves when both function class complexities are small relative to sample size and
the transferability and approximation error terms are negligible. If the complexity of the
function classes is smaller than the square root of the sample sizes, and the transferability and
approximation error terms are sufficiently small, the target model can achieve a convergence
rate faster than n~1/4.

The derived rate is faster than the one in Tripuraneni et al. (2020) since we effectively use
the curvature condition and the boundedness of the loss function. Also, our rate is comparable
to the result in Watkins et al. (2023) although their fast rate assumes Eg,[ls0(al,(Z2), S)] = 0,
which is a strong and unrealistic assumption in practice. Without this assumption, their rate
becomes slower than ours and comparable to the one in Tripuraneni et al. (2020). Importantly,
the slow rate in Tripuraneni et al. (2020) is not enough to apply the DML framework since it

is always slower than n=1/4,
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We can directly apply the above theorems to derive the convergence rates of transfer
learning when the target sample size n is large enough compared to its input dimension K.
This strategy is taken in, for example, Bajari et al. (2025) and Bach et al. (2024). Since
the VC dimension is well studied for many specific models such as linear models and DNNs
(Bartlett et al., 2019), the above theorems can be applied to derive the convergence rates of
transfer learning for these specific models under some conditions on the transferability and
approximation errors. For DNNs, the approximation error can be small if the best predictor is

sufficiently smooth and the DNN has enough width and depth (Yarotsky, 2017).

4.2 High-dimensional Case
4.2.1 Convergence of h for linear source heads g

For the low-dimensional case, the VC dimension of the function class F,, is small, and
Theorem 4.1 is directly applicable to derive the convergence rate of the target model fo h
to the best predictor af,. An important feature of the VC dimension is that it is a pure
functional complexity measure and does not depend on the distribution of the input data. On
the other hand, Theorem 4.1 is not directly applicable to the high-dimensional case since the
VC dimension of F,, is large, and we need to assume some additional structure on the input
data, i.e., embeddings, to derive the convergence rate of the target model.

In this section, we focus on the case in which the source model has a linear head as
in Example 3.1 and h,,(Z) € RE is the last hidden layer of the source model. In this
case, we obtain a convergence rate for the projected estimated embedding toward an affine
transformation of a best-approximating embedding function h,,. Recall that the population
source model is gp, © hyn(Z) = qo,m + Bso,mhm (Z) for some vector age m € R”, some matrix
Bson € RT*K and an embedding function h,,,(Z) € RE. The pre-trained source model
is go E(Z) = Qg0 + ESOE(Z) for some vector (s, € R?, some matrix By, € RT*K and
an embedding function E(Z ) € RE estimated from the source task. Define a transformed

embedding function hPT as the projection of h onto the row space of éso as follows:
Pl .= Bt By h. (24)

The following lemma gives an Lo convergence rate for the projected embedding RPrl toward
an affine transformation ¢ + éhm of hy,, where ¢ := é;g (Qtso,m — Oiso) is the shift term and

Q= é;ngo,m is the linear transformation of A,,.

Lemma 4.1 (Convergence of the projected embedding). Suppose that the population and

pre-trained source heads are linear, as defined in Example 3.1, and that Assumption 3.1 (i)
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holds. If, for some deterministic sequence o, > 0,
1B llsp = Or, (@), (25)

then
et — @+ Q)|

= OPSD (5so,m/gm) . (26>

Eleh]

In particular, the condition (25) holds if *°

Py (rank(éso) >1, of. (BSO) > gm) — 1.

If By, has full column rank, és‘; = (E;OESO)_lééO is the left inverse of By, and é;;éso =Ix
is the identity matrix; thus, hPr = R, On the other hand, we have ESJ[)ESO # I in general if
éso does not have full column rank.

We can interpret hP as the projection of h onto the row space of ESO since é;géso =
Py, = B! (BsoB.,) " Bso by Harville (2008), Corollary 20.3.8. Note that 7P™} and h return
the same output for the source task since BgohP*(2) = Bgoh(z). The projection preserves the

source output while removing components of the estimated embedding in the null space of

~

B2

Lemma 4.1 controls the distance between the projected embedding PToJ and q+ éhm. The
matrix CVQ describes the linear part of this relation for the component of h in the row space of
ESO. In the special case in which &go = @s0.m, ESO = BSO,mA_1 and i = Ah,, for an invertible
matrix A € RExXK , and Bg, i has full column rank, we have ESJL = BSO,mAflAhm = Bso.mhm
and the exact equality RProl = CVth, where é = é;ngo,m = A. Since this holds for every
invertible matrix, the embedding function h,, is identified from the source task only up to an
invertible linear transformation A such that Ah,, € H,,. This special case is consistent with
the discussion in Schulte et al. (2025) that the embedding function is identified only up to an
invertible linear transformation under the restrictive assumption that there is no estimation
error for the embedding function. More generally, when B, or éso is rank deficient, this affine
relation applies to projected embeddings. Components in the null space of the corresponding

source-head matrix remain unidentified by the source output, and source-equivalent embeddings

20The event {rank(Bs,) > 1} is only used to ensure that the smallest positive singular value o, (Bso) is
well defined.

2! An indeterminacy can remain. For every constant vector ¢ € R¥ the pairs (&so,ﬁpr"j) and (&so +
ESOQ proi ¢) produce the same source output algebraically. Target predictions are preserved if the target
class contains v + f(v+ c) for each relevant head f and shift c. For an affine head f(v) = a+ 8'v, this requires
an intercept whose permitted range includes o + 3’c. Applying the target convergence results also requires the
translated heads to satisfy their parameter and regularity bounds.
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need not be affine transformations of one another.

4.2.2 LASSO Target Model

We do not recommend using LASSO for the target model for the following reason. As we have
seen in Section 4.2.1, Hgo,m (0) includes invertible linear transformations of a best-approximating
embedding function hy,. Theorem 3.2 suggests that, to ensure an,hin ohby —at,|| P2 = 0p, (1)
for any sequence hi, € Mso.m(0), it is necessary that Heom(0) C Hea,m (pran) for some sequence
ptan = 0(1) when the target model has small estimation and approximation errors. That is,
for every invertible matrix Q € RE*K and every vector ¢ € RX such that ¢ + Qhy,, € Hn,
there must exist some f € F3% such that ||f,, 0 hy — f 0 (¢ + Qhu)| .2 converges to zero as
n — o0o. Note that linear regression, ridge regression, and DNNs satisfy this condition since
they transform the input vector by a linear transformation.

Therefore, our theory recommends avoiding methods that rely on assumptions, such as
sparsity, that are not preserved under the unidentified invertible linear transformations of
the embedding function h,, (e.g., Wainwright, 2019, Chapter 7). Suppose the economist uses
LASSO for the target model given the estimated embedding function h from the source task. To
use LASSO, the existing theory typically requires an approximate-sparsity assumption. On the
other hand, since Hgo,m (0) includes invertible linear transformations of a best-approximating
embedding function A,,, Theorem 1 in Kolesar, Miiller, and Roelsgaard (2026) implies that the
approximate sparsity assumption is violated in general. Thus, even if the economist can justify
the approximate sparsity assumption for an embedding function h,,, the approximate sparsity
assumption is hard to justify for other h € Hgo m(0). Since we cannot identify the embedding

function A, from the source task, any method relying on variable selection can be fragile.

4.2.3 Ridge Target Model

Section 4.2.2 shows that approximate sparsity is not preserved under the linear reparameteri-
zations left unidentified by the source task. We therefore study an fs-penalized linear target
model as a tractable alternative.

The scale of a linear source head is not identified separately from the scale of its embedding.
Thus, the condition in (25) is not invariant to observationally equivalent rescalings. Multiplying
the embedding by a large constant and dividing the source-head matrix by the same constant
can make its smallest positive singular value arbitrarily small. This scale indeterminacy is
not a problem for the low-dimensional case since the VC dimension is invariant to scaling.
However, the scale indeterminacy is typically a problem for the high-dimensional case since we

use the structure on the embeddings and the source head to derive the convergence rate of the
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target model. The ridge theory below therefore imposes fixed singular value bounds on the
source-head matrices used in the analysis.

Fix constants Cy g0 < 00 and 0 < ¢ <7 < 00, and let O, ,, be a deterministic, nonempty,
compact subset of

{(a, B) e RT x RT*X  |la||2 < Cs0, rank(B) > 1,||Bl|sp < 7, 0}

min(

B)Zg}.

We assume that the population source-head parameters (oo m; Bsom) and the pre-trained
source-head parameters (o, éso) belong to O, with probability approaching one. The
transformation in Appendix D normalizes the positive singular values of a nonzero source-head
matrix if one wants to ensure the conditions on the singular value bounds.

For each (o, B) € Ogo , define

Jgo,B U — a+ Bu. (27)

For this subsection, let G, := {ga.p : (o, B) € RT x RT*K} be the class of linear source heads,
so that {ga,B : (o, B) € Ogom } C Gp. Thus, Gy, may also contain linear heads with parameters
outside O, . For every (a, B) € Ogom, Lemma E.17 gives || BT ||sp < o1, Moreover, on the
event that the chosen population and pre-trained source-head parameters belong to Gy 1, We
have ||é||8p = HEQEBSO,m”Sp <o/g.

Define the projected-embedding class used in the ridge analysis by
HPrOI = {BTBh:h € Hm, (a,B) € Oy, for some a € RT} . (28)

For every p > 0, let HEU (p) == {h € HR - mingeg,, |9 © h — gm © hml|lpy2 < p}. Fix
constants C,,Cg < 0o, and let

On = {(@, ) € Rx R¥ : |a] < Cl, |1Bll2 < O}

Let F, = F3% = {f(v) = a+B'v: (o, B) € ©,} and let f,(v) = Qtan + Biant € F3 (b))
be the population target model. For a deterministic sequence A,, > 0, define the ridge estimator

on the projected embedding by

. . —~ 1 & - .
Frtee(v) = a0 + B € argmin L3 o (o FRPZ).Y) + RIBIE . (20)
a+BlveF, | T i—1

We assume the following conditions on the target model and the source parameters.
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Assumption 4.3 (Conditions for Ridge Regression).

(i) (Source Parameter and Embedding Restrictions) The population source parameters
satisfy (som, Bsom) € Osom and hy, € Hy,. The pre-trained source parameters satisfy
PSO((&SO,ESO) IS @so,m,ivl € Hm) — 1. Consequently, RProl € HEOT with probability
approaching one. For every m, there exists a deterministic constant Cp, < 00, possibly

diverging with n, such that max{Es[|hm(2)]3], SUP;, g proj Eso[[|M(2)]13]} < Crn.

(ii) (Target-Slope Representation for Transferability) There exist a sequence b, € RT and a
constant Cy < 0o such that sup,, ||by|l2 < Cy and B, , = b}, Bso,m, where Bsom denotes

the population source head.

(i11) (Target Parameter Restrictions) The target parameter bounds satisfy sup, |atan

2Cbca,so < C, and Cyo < Cg.

+

For any embedding h, let
Shin = Eta [(M(Z) = Ew[W(Z)])(h(Z) — Ewa[h(Z)])'] .

In particular, ¥, , denotes the covariance matrix of the population embedding. Define the

effective degrees of freedom of the ridge regression based on the embedding h by

K

_ (Shon)
NinN) = tr (Zpp (S + N2 g) 7 _—§ _HiEhn) , 30
han(A) 1= 1 (Bnn(Sn, ™) o i (Enn) + A2 (30)

where p11(Xp,) > -+ > pr(Ep,) > 0 are the eigenvalues of ¥y, j,.

Theorem 4.3 (Convergence Rate of Ridge Target Model). Suppose that Assumption 3.1 (i)
and Assumptions 3.3 and 4.3 hold. We also assume Assumption 4.1 holds with Hsom(Pso,m)
replaced by Hspg%(psqm), Let Ay, > 0 be deterministic and let Aﬁidge o P pe defined in (29).
Then,

’ Pta72
=0Op ( —1 + thm()‘n) + A + Oso,m /Wy, + (550,m/ﬂn)1/2 tl”(zhm,n)l/4 Oso,m >

rridge . Yproj _ %
[ oh Oy

n NS w,
(31)

The first two terms in the above rate are the estimation errors of ridge regression, and the
last two terms are the transferability and approximation errors. The middle term arises from

the difference between A (An) and Ny, n(An).

hProj n
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For a concrete rate, suppose that, uniformly over n and j =1,..., K,
i (S, n) < Cpuj™2e for constants C,, < oo and a > 1/2,
and dso,m /W, + €tan = O(n=%(2e+1)) " Then N (A) S A~Va Choosing A, =< n~9/(2a+1)

gives

If a > 1/2, the above rate is op(n~/*), which is sufficient for the DML framework. Thus, ridge

Tridge . Yproj _ %
fr % oh Oy,

—0p (max {n—a/(Qa—i-l)’n—(a+1)/(2(2a+1))}) .
Pria,2

is a recommended regularized alternative when the target model is linear and the embedding
is nearly identified up to a well-conditioned linear distortion.

In practice, the tuning parameter \,, for ridge is typically selected by K-fold cross-validation
that directly targets prediction risk; see, for example, Hastie, Montanari, Rosset, and Tibshirani
(2022) for a recent detailed discussion of cross-validation for ridge regression, including in
over-parameterized settings.

A natural question is whether a similar convergence rate can be achieved by neural network
models with regularization such as random dropout or /5 regularization.?” We conjecture
that the answer is positive. For linear regression, dropout can be interpreted as a form of
ridge regularization (Srivastava, Hinton, Krizhevsky, Sutskever, and Salakhutdinov, 2014,
Section 9.1). Wei, Kakade, and Ma (2020) demonstrate both theoretically and empirically
that dropout can work as regularization for deep neural networks. However, even when h,, is
directly observed, the convergence rate of the regularized neural network estimator is not well
understood in the literature at the level of generality of Farrell et al. (2021), to the best of our
knowledge. Establishing the convergence rate of regularized neural network estimators for the

target model in our setting is an important direction for future research.

5 Test for Transferability

As discussed in Remark 3.2 and illustrated in Figure 3, v,-transferability enables accurate
estimation of target nuisance functions using pre-trained embeddings even when the source

task only partially identifies the embedding. In this section, we develop a formal test using an

22 Another line of research in deep learning theory on convergence rates makes use of functional shape
assumptions on the function of interest (Kohler and Langer, 2021; Bhattacharya, Fan, and Mukherjee, 2024)
or data structure assumptions such as approximate manifold structure (Jiao, Shen, Lin, and Huang, 2023;
Schulte et al., 2025). For a VC-based estimation term of the form /V(F,)log(n)/n, raw input dimension may
grow provided the resulting complexity grows sufficiently slowly: V(F,)log(n) = o(n) makes this term vanish,
and V(F,)log(n) = o(n'/?) makes it o(n~/*). The other approximation and transfer terms must satisfy their
corresponding rate requirements.
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implication of transferability: under the rate and regularity conditions below, DML estimators
based on different embeddings in the source near-identified set should yield similar estimates of
the target parameter. We propose a computationally feasible procedure based on the multiplier
bootstrap and show its uniform validity under the null hypothesis and its uniform consistency
under well-separated alternatives.

The test uses several embeddings pre-trained for the same source task, for example by
training the same model architecture with different random seeds in optimization. We split the
target sample into three parts, using one part to fit the nuisance functions for each embedding
and the other two to estimate the parameter of interest. We compare estimators across
embeddings and estimation samples to assess their sensitivity to the choice of pre-trained
embedding. Using separate estimation samples prevents the leading sampling randomness
from canceling in these comparisons. We reject the transferability null when the maximum
standardized difference exceeds a critical value computed by a multiplier bootstrap, without
refitting the nuisance functions or embeddings. Under the regularity conditions below, rejection

provides evidence against transferability.

5.1 Multiplier Bootstrap

Consider the setup in Section 2.1, with a scalar parameter of interest #* € ® C R and
a scalar Neyman orthogonal score (W} 6,~, «) satisfying E,[¢v(W;0%,v*,a*)] = 0. The
nuisance functions v* and o* may each have a fixed number of components. In that case, the
transferability and rate conditions below apply to each component. While we focus on scalar
nuisance functions and scalar 6 for simplicity, the results extend to vector-valued nuisance
functions by replacing the scalar norm with an appropriate vector norm.

Suppose that R > 2 pre-trained models (g;, EJ) € Gm X Hm, j=1,..., R, are available for
the same source task. The number of models R is deterministic and may diverge as n — co.
The models may share a source sample and differ in their pre-training randomness. Their
collection is independent of the target sample. Such pre-trained variants are available for both
text and image embeddings.??

Fix the source distribution Py, function classes G,,, and H,,, and sequences (gm, hm) € R
and dgo,m. For each o € {7,a} and each target distribution P,, let a} denote the best target
predictor on the scale of the training loss, so that ¢* = A oa} with the prediction maps defined
in Section 2.1. Let .7-"27“,1’ denote the corresponding target head class and let f. ,, € fi%(hm) be
a population target head. For positive sequences of transferability strengths v, ,, ¢ € {v, a},

the null requires that g,, be v, ,-transferable to f, , with respect to h,, at rate dso m, in the

2Examples include BERT, GPT-2, and Pythia for text, and ResNet-50, Swin-Tiny, and ViT for images.
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sense of Definition 3.3. Equivalently,

Hy,, sup min_|[foh— fonohmllp. 5 < psom/Von, (32)
h€Hso,m (pso,m) FEFE ’
for each ¢ € {7, a} and every nonnegative sequence psom = O(dso,m ), for all sufficiently large
n. Here, Hgso m(pso,m) is the source task near-identified set defined in Section 3.1.2. While the
null restricts all embeddings in this set, the observed pre-trained embeddings provide a way to
test an implication of this restriction.

For each n, let P tan be a class of target distributions satisfying the null hypothesis Hy
for the fixed source problem Py,. Define the corresponding class of joint source and target
laws by Py, = {Pso X Pia : Pia € Pogtan}- Target population objects and deterministic target
rates may depend on Pj,, but this dependence is suppressed in the notation for simplicity.

In our test, we partition the target sample independently of the data into a nuisance-training
sample Z3 and two disjoint estimation samples Z; and Zy. Let ny = |Z4| for s € {1,2,3},
with all three sample proportions converging to positive constants. For each ¢ € {v,a} and
j=1,..., R, fit the target head J?o,j using Z3 and embedding \f/Lj. Write 7; = A, o f%j o Ej
and a; = Aq 0 J;:x,j o ivlj. For j = 1,...,R and s € {1,2}, define the sample moment by
]\/4\]-’5(0) =n;! > ier, Y(Wi; 0,75, @;) and let (/9;75 solve ]/\Ij,s(é\jys) =0.

Algorithm 1 constructs the test statistic as the largest absolute standardized difference
between estimators based on different embeddings and the two estimation samples Z; and Zs.

Let the population score derivative be

a * *
J: %Etaw}(wae?fy ,Oé )]

0=0*

Define the population influence function and its variance by ¢(W) = —J L (W; 6%, %, a*)
and V = E,[¢(W)?]. Under Hy,, in (32) and Assumption 5.1 below, the estimators have the
expansion

By =07 = 2 3 0W) + opln” 1) (33)

1€

uniformly over j =1,..., R, s € {1,2}, and P € Py,,. The centering at §* and the influence
function do not depend on the embedding. The leading terms in (33) would therefore cancel if
two estimators used the same estimation sample. Using separate estimation samples Z; and
I avoids this cancellation and gives the leading difference positive variance V(nl_1 +ny 1)
conditional on the partition.

For each bootstrap draw, we approximate the sampling variation in these leading terms
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using weighted sums of the estimated influence functions, with independent standard normal
multipliers across observations. We use the same multiplier for an observation across all
embeddings to preserve dependence across comparisons. The embeddings, fitted nuisance
functions, and sample partition remain fixed throughout the bootstrap; only the multipliers

vary. Thus, the bootstrap requires no re-estimation of the nuisance functions or embeddings.

5.2 Uniform Size Validity of the Test

We now state sufficient conditions for validity of this procedure uniformly over P € Py . For
P = Py, x P;y € Pon, let Prp denote probability under this law, including the randomness of
both samples, the partition, pre-training randomness, and bootstrap draws when applicable.
For the asymptotic statements below, set q?m s = ¢ij,s = 0 whenever jjﬁ =0, and define 7j;, by
(36) using these extended weights. The algorithm still stops without returning a test decision
on these events.

For each ¢ € {v,a}, let r,, be a common rate for estimating the target head across
embeddings, and let €, = |[fon © hiy — a}||p,. 2 denote the approximation error of the
population target model on the training scale. Since each A, has Lipschitz constant at
most one, these rates also bound the corresponding nuisance errors.”* For each pre-trained

embedding function \l%j, let

‘foﬁj—fo,nohm‘

fs jn € argmin

feFsy Fra,2

be a target head that best approximates f. , o h,, when paired with 7Lj. We write the score
estimation error at 6* as Ay;(W) := (W5 6%,7;,a;) — (W5 0%, 7%, a*).

Assumption 5.1 (Conditions for the Transferability Test).

(i) (Sampling and Sample Splitting) The number of pre-trained embedding functions R > 2 is
deterministic and may diverge as n — 00. For each Piy € Potan, the target observations
are i.1.d. from Py,. The pre-trained models and auziliary pre-training randomness are
jointly independent of the target observations. The partition (Z1,Zs,Z3) is independent
of all these quantities. Its sample sizes satisfy ni,ne > 2 and ng > 1, with ng/n Lif
s € (0,1) uniformly over P € Py, for s € {1,2,3}. The limits w5 do not depend on
P. FEach fitted nuisance function depends only on the pre-trained embedding functions,

observations in I3, and auziliary pre-training randommness.

24See (9).

40



Algorithm 1: Multiplier bootstrap test of transferability for a DML parameter

Input: An i.id. target sample {W;}7_1; Neyman orthogonal score ¢(W;8,~, a); pre-trained
embeddings hl, .. hR, significance level a € (0,1); number of bootstrap draws B.

1. Split the target sample. Randomly select a nuisance-training sample Z3, then partition
the remaining observations into Z; and Z,. Draw the partition independently of the observed
data and use it for every embedding. Let ng = |Z;| for s € {1,2}, with ny,ny > 2.

2. Estimate nuisance functions on 7Z3. For each j, use only 73 to fit_the target heads,
including preprocessing and tuning. Set 7; = Ao fy joh; and @; = Ay o fu joh;, converting
fitted log odds to probabilities before evaluating the DML score.

3. Compute estimators and influence functions on 7; and Z,. For each j and s € {1, 2},
solve the estimating equation with respect to 6:

7Z¢W2397’YJ70‘]> 0

S ieT,

and denote the solution by @\js Compute the estimator of the derivative of the score with
respect to 6:

- 289¢ i ]7877j704]> (34)

S ieT,
Require j\w # 0 for every j, s; otherwise, stop without returning a test decision. Compute

5 P Pij.s
Gijs =~ S 0(Wii 055,75, 05), Gijs = ——ioee. (35)
ns(ns — 1)

Here, Ziezs quﬂs estimates the variance of tz)\js
4. Form the test statistic. For every 1 < j < k < R, calculate
~2 2 9
Ijk = Z Zija + Z Qik,2- (36)
1€y 1€Lo

Require every 75 > 0; otherwise, stop without returning a test decision. Then compute

0
T = max 7‘ 21 (37)
1<j<k<R Ok

5. Generate the bootstrap distribution. For each b =1,..., B, draw independent Ei(b) ~
N(0,1) for i € 7y UZ,, independently across draws and of the data. Use the same multiplier
for observation ¢ across all embeddings and compute bootstrap test statistics

(b) (b)
Z‘EL & Qg = Dier, §i dik2
77’(5) T8 : o : : (38)
<j<k<R ok

6. Return the decision and p-value. Let c(f) be the (1 — a)-quantile of {7;(5)}5:1, using
the inverse empirical distribution function. Reject the transferability null Hy , in (32) if

7> c(g) Report the bootstrap p-value B~1 Zle 1{7;(5) >T}.
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(7i) (Source and Target Convergence) The convergence bounds in Assumption 3.1 hold

uniformly over the embedding functions. Specifically, the source models satisfy

P2 = OPso (580,m)~ (39)

max ||g;oh; — oh ‘
lgngHg] j — 9m m

For each o € {v,a}, the target fits based on I3 satisfy

1r§n]a§XR‘ fogohi—fSjnco hj’ P = OP(on); (40)
uniformly over P € Py . The deterministic rates satisfy
max (To,n + 5so,m/l/<>,n + Go,n) = O(n_1/4)7 (41)
oe{y,a}

uniformly over Py € Potan-

(#71) (Neyman Orthogonality and Score Regularity) For each P, € Potan, the parameter
0* is an interior point of © and Ewu[tv(W;0*,~v*, a*)] = 0. There exist constants 0 <
J<J<ooand 0 <V <V < oo such that J < |J| < J and V. <V <V uniformly
over Py € Potan. For some fized ¢ > 0, the population influence function satisfies the

moment condition

sup sup [,
n>1 Ptaepo,ta,n

W |2+

‘(b() < o0. (42)
VV

For eachn and Pk, there is a deterministic set Ny, = Ny, (Pra) of nuisance pairs containing

(v*, ") such that

inf Prp((9j,a;) € Ny, forallj=1,...,R) — 1. (43)
PePyn
For every (v, a) € Ny, the path (v* + r(y —v*),a* + r(a — «*)) remains in the domain
of the function (W;0*,-,-) for r € [0,1]. The population moment along this path at 6*
is continuous on [0,1] and twice continuously differentiable on (0,1). The score satisfies
Neyman orthogonality:
0

—Eea [0 (W50%, 7" +1(y —7%), " + r(a —a¥))]

= = 0. (44)

r=0

The second derivative satisfies
2

0
sup  sup | = 5B [1 (307,97 +7(y = 77), 0" + r(a - a*))]‘ =o(n™'/?), (45)
(7,@)EN, 7€(0,1) | OT

42



uniformly over Py, € Potan- The pointwise mazimum of the score estimation errors
satisfies

max [Av; (W)

= OP(l)a (46)
Pia,2

\/logRH

uniformly over P € Py .

(iv) (Estimation on Each Subsample) The estimators satisfy ]\/Zj,s(é\jys) = 0 almost surely for
every j = 1,...,R and s € {1,2}, and Max;<;j<psefl,2} |5j5 — 0% = op(1) uniformly

over P € Py .

(v) (Influence-Function Estimation) For each n and P € Py, there exists a deterministic
open interval Up (P) containing 6*. For every j =1,..., R, the fitted score (W 0,7;, &;)
is well defined and continuously differentiable in 0 on Uy, (P), almost surely. The intervals
satisfy

inf Prp <§] € Uy(P) forallj=1,...,R, s¢ {1,2}) L (47)

PcPon

The sample derivatives satisfy

1 ~ o~
- > 0pp(Wis0,7;,8;) — J
5 i€Ts

sup = op(1), (48)

. max
1<j<R,5€{1,2} gety,, (P)

uniformly over P € Py,. For qijs in (35), the variance estimators for the first
embedding function satisfy ns ;7. q?LS By for s € {1,2}, uniformly over P €
Po,n- Differences in gijs across embedding functions satisfy v/1og Rmax;<;<pr sc{1,2}

g ZieIs (gijs — qi1,5)2 = op(1) uniformly over P € Py,,.

(vi) (Uniformity of the Transferability Bound) For every fixed M > 0, there exists Ny < 00,
independent of Pi,, such that, for alln > Ny; and each ¢ € {v,a},

sup min ||[foh— fono hm”pm o < Mbsom/Von, (49)
he€Hso,m(Méso,m) FEFE v

uniformly over Py, € Po tan-

Assumption 5.1(iii) adapts the conditions for nonlinear scores in Chernozhukov et al. (2018):
the moment condition in Assumption 3.3(a), smoothness in 3.3(b), the Jacobian bounds in
3.3(c), and orthogonality in 3.3(d). From Assumption 3.4, it uses (a) jointly over embedding
functions, only the moment requirement of (b) at the true score, some components of (c),
and (d). The score error bound accommodates growing R. Assumption 5.1(v) requires the

estimator of the derivative of the score to converge to J uniformly over j,s and 0 € U, (P).
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The mean value theorem then yields uniform linearization of the sample moment functions.
Evaluating the derivative bound at the estimators also gives uniform consistency of j},s in
(34). The intervals need not shrink with n. Part (v) also requires consistency of the variance
estimators for the first embedding function and a bound on the differences in ¢;; across
embedding functions. Together, these variance and weight conditions imply consistency of the
variance estimators uniformly over embedding functions, estimation samples, and P € Py j,.
Assumption 5.1(vi) requires the bound in (49) to hold beyond a common threshold Ny, for all
target distributions. For any fixed target distribution satisfying the null, this bound holds
for all sufficiently large n. The common threshold may depend on M and the fixed source
problem, but not on FP;,.

In the following theorem, we write Pr® for probability conditional on all observed data,
the partition, and pre-training randomness. For asymptotic statements, we set T, Cgs_)a, and

all 7;(5) to zero if the algorithm stops without a test decision.

Theorem 5.1 (Uniform Asymptotic Size of the Transferability Test). For the fixed source
distribution, suppose that Hyp, in (32) and Assumption 5.1 hold for the sequence of classes Po.p,.
Fiz a € (0,1) and let B be any deterministic sequence of positive integers tending to infinity as
n — oco. Compute T, {7;(0 }le, and ng_) o using Algorithm 1, with the zero convention stated
above. The standard normal multipliers are independent across observations and bootstrap
draws, and independent of the data, partition, and pre-training randomness. Then the following

properties hold.

(i) The probability that the algorithm stops without a decision tends to zero uniformly over
Pe 'P(),n.

(ii) For each b € {1,..., B}, the conditional bootstrap distribution satisfies

sup Pr(f)(n@) <t)—Prp(T <t)| =o0p(1),
teR

uniformly over P € Pyy,.

(iii) The rejection probability satisfies

sup ’Prp <T > cgg_)a> — a’ —0 as n, B — oo,
PePo,n

where the probability includes the randomness of the source and target samples, sample

partition, training procedures, and bootstrap draws.
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5.3 Uniform Consistency under Alternatives

The test compares the estimated 6 induced by the fitted nuisance functions for the observed
embeddings. Failure of transferability need not make these estimators differ since the available
embedding functions may omit the same relevant information or induce the same bias in
the parameter of interest. We establish uniform consistency on a subclass of alternatives
under which at least two embedding functions yield sufficiently separated solutions of their
population moment equations. That is, under such alternatives, where the population moment
solutions associated with different embedding functions are well separated, the test detects
the lack of transferability with probability approaching one uniformly over this subclass.

For each embedding function j, let HJT-JL € O be a measurable solution of
Eta[w(W; 0;[',717 ﬁjv aj)] =0. (50)

The expectation holds the fitted nuisance functions fixed; thus, these roots may depend on
the source sample, the nuisance-training sample, the partition, and pre-training randomness.
Under an alternative, these solutions need not converge in probability to 8*, and the derivative
estimators in Algorithm 1 need not converge in probability to the common derivative J.

Let Psep,n € Pg,, be a subclass of joint laws P = Py, X Pia under alternatives to (32),
with the same fixed source problem as above. The complement is taken within the class of
joint laws with the fixed source problem. For the uniform consistency results, we focus on this

subclass of alternatives satisfying certain separation conditions.

Assumption 5.2 (Conditions for Uniform Consistency of the Transferability Test). For some
deterministic estimation error rate rg, > 0 and separation sequence Ay, >0, common across

Psep,ns the following conditions hold:

(i) There exist constants ¢, cy, > 0 such that

~ 1 ~
inf Pr min |J;s| > ¢ min — Wi 0, 6,7:,0:)°>cy | — 1, (51
papf Pre | min, Vil 2 ey, min, nszq’b( i+ 93073, 83" 2 €4 » (51)
se{1,2} sef1,2} €L

where the derivative estimators are defined in (3/).

(i1) Uniformly over P € Psepn,

0, —0! | =0 G =0p(1 52
Loy s =05l = Oplron),  Vnmax@j. = Op(1), (52)

where Ejz-k is defined in (36).
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(iii) The population solutions satisfy

inf Prp (
J

of —ol 1>A,) —1 53
Pepsep,n <a]z(‘ ) k,’l’l‘ - n) ’ ( )

with rg , = 0(Ay,) and \/log R/n = o(A,,).

Assumption 5.2(ii) and (iii) require that the separation between the population solutions is
sufficiently larger than the estimation error of the DML estimators. The next result establishes

the uniform consistency of the transferability test under these conditions.

Theorem 5.2 (Uniform Consistency of the Transferability Test). Suppose that the sampling
conditions in Assumption 5.1(i) hold uniformly over Psepn, the source convergence bound in
(39) holds under Py, and the solutions in (50) exist. Suppose also that Assumption 5.2 holds.
Fiz a€ (0,1) and let B > 1 be any deterministic sequence of integers. Compute the statistic
and empirical bootstrap critical value using Algorithm 1, with the same zero convention as in
Theorem 5.1. Then,

pdnt Prp (T>d2) —1 (54)

6 Simulations

We study the finite-sample performance of DML with pre-trained embeddings in two designs.
The linear design compares ordinary least squares, cross-validated LASSO, and cross-validated
ridge as target nuisance learners over 5,000 Monte Carlo replications. The nonlinear design
compares nine nonlinear nuisance learners and evaluates the transferability test over 100
Monte Carlo replications per scenario. The author is currently working on extending the
simulations to additional scenarios and larger numbers of Monte Carlo replications. Both
designs have m = 20,000 source observations and a true target coefficient #* = 0.5. Each
replication draws independent source and target samples and estimates the source embeddings.
The oracle benchmark supplies the population embedding h* to the target learner, yielding
the performance of the ordinary DML procedure with known embeddings. We write [h*(2)];
for the jth coordinate of h*(z). We use the last hidden layer after the activation and the layer
normalization as embeddings, as we do for the BERT embedding in the empirical application.

All specifications estimate the partially linear score in Example 2.1, using three-fold cross-
fitting repeated five times to reduce the variability of the cross-fitted estimates due to random
fold assignments. For each embedding and learner, we report the median coefficient across the
five repetitions and estimate its variance by the median of the repetition-specific variances

augmented by the squared deviation of each repetition’s coefficient from the median coefficient.
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The median aggregation is recommended over the mean aggregation and theoretically justified
in Chernozhukov et al. (2018, Corollary 3.3). Confidence intervals use normal critical values at
the 95% level. All target learners’ tuning and validation take place within the corresponding

outer training fold. We report bias and coverage for each target learner.

6.1 Linear Design with High-Dimensional Embeddings

The population embedding has 200 coordinates and is given by?
h*(z) = sy ' LayerNorm(ReLU(z + 1)),

where sg &~ 1.0025 is a scaling factor explained below. Source coordinates are independent
uniform draws on Z ~ [—+/3, /3], whereas target coordinates are independent uniform draws
on Z ~ [-v/2,v/2] and they are mutually independent. We stack these independent Z and
construct the 200-dimensional vectors to form source and target inputs Z3° € R2%0 and Zf2 €
R29_ respectively. We set sq so that ([h*(Z)]1 — [h*(2)]2)/V2 and ([h*(Z)]3 — [W*(Z)]4)/V/2
each have variance approximately one under the source distribution.

The source response is S; = B'h*(Z3°) + n;, where 1; ~ N(0, Iago) is independent noise.
The fixed source coefficient matrix B € R?00%200 hag rank 198. The columns of B are scaled so
that the first column has Euclidean norm 10 and each of the other 199 columns is orthogonal
to the first and has Euclidean norm /3.

The target sample has n = 2,000 observations and is generated via

X, =0.3 { [ (Z:)] \;i[h*(zi)b n [h*(Z;)] \;i[h*(Zi)h} -~
Vim 05, 4o {{HEL W0 HE - EIR L, g,

V2 V2

where V; ~ N(0,1) and U; ~ N(0,0.25) are independent of each other and of all covariates
and source observations. The coefficient vectors of both target contrasts lie in the column
space of B, so the reported design satisfies the linear span condition for transferability. They
are also sparse, involving only a few coordinates of the source representation.

The learned source model has one dense hidden layer of width 200, followed by ReLU,

25Forv€]RK,let@zKﬁlzlevk. For k=1,...,K, we use

[ReLU(v)]x = max{vs, 0},

Vg — U
\/Kfl S (vk —T)2 + 1073

Here, layer normalization centers and rescales the coordinates within each observation.

[LayerNorm(v)]x =
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LayerNorm, and a linear source head. Source training uses an 80/10/10 training, validation,
and test split. We compare three initializations and select the epoch and initialization with the
highest average validation R? across source outcomes. We then refit the selected specification
on the combined training and validation observations. The target nuisance regressions use
either this learned embedding or h*.

Table 1 reports the results. With the population embedding, coverage is 93.66% for
OLS, 92.14% for LASSO, and 95.42% for ridge. With learned embeddings, their coverages
are 93.42%, 83.86%, and 94.78%, respectively. Thus, the coverage loss from replacing the
population embedding by the learned embedding is substantially larger for LASSO in this
design. LASSO also has the largest absolute bias among the three learners under either
representation. This pattern is consistent with the sensitivity of coordinatewise sparsity to the

representation, as discussed in Section 4.2.2.

Table 1: Linear design: bias and interval coverage

Oracle Learned
Learner Bias Coverage (%) Bias Coverage (%)
OLS 0.0000 93.66 —0.0005 93.42
CV-Lasso  —0.0062 92.14 —0.0149 83.86
CV-Ridge —0.0005 95.42 —0.0025 94.78

Notes: Each cell uses 5,000 successful Monte Carlo replications; there are no failed fits. The target and source
sample sizes are n = 2,000 and m = 20,000, with * = 0.5. Bias is relative to 8*. Coverage is for nominal 95%
normal intervals.

6.2 Nonlinear Design

Next, we consider a nonlinear design. We first compare the coverage between the scenarios
with and without the transferability condition being satisfied. Then, we evaluate the size and
power of our test for transferability.

6.2.1 Coverage

Source and target inputs are independent draws from Z ~ N (0, I3p). The population embedding
is h*(z) = LayerNorm(GELU(z)), where GELU(z;) = 2;®(2;) and @ is the standard normal

distribution function. Using the map A defined in Section 2.1, the target equations are

Xi = [0 (200 + A (Zo)l) + Vi

Y; = 0.5X; + A([h*(Z:)]1) + i[h*(Zi)]g + U;,
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where V; and U; are independent standard normal innovations, independent of the covariates and
source sample. This functional form is the one used in the simulation study of Chernozhukov
et al. (2018). For c(z) = ([h*(2)]1, [W*(2)]s, [R*(2)]2, [R*(2)]4, [M*(2)]5, [P (2)]6)’, the source

response is
Sj = le&g(l — P, 1- P, 17 17 17 1)6(250) + 7]]7 77] ~ N(Oa -[20)7

where @ is a fixed 20 x 6 matrix with orthonormal columns, generated by a reduced QR
decomposition of a standard Gaussian matrix, and source noise is independent of all other
draws. We consider p € {0,1} and n € {5,000,10,000}. At p = 0, the source task retains the
direct loadings on the target-relevant components and the transferability condition is satisfied.
At p =1, the source task removes the direct loadings on the two target-relevant components
and the transferability condition is violated.

The trained source network has one dense hidden layer of width 30, followed by GELU
(Gaussian Error Linear Unit) activation, affine LayerNorm, and a linear head with 20 outputs.
Training minimizes unstandardized source mean squared error on an 80% training split, selects
the best checkpoint using a 10% validation split, and reserves the remaining 10% for diagnostics;
there is no refit after checkpoint selection. Source and target draws are paired across the two
scenarios. The source samples and fitted embeddings are identical across target sample sizes
within a scenario and replication.

The target learners are three random forests (RF 1-3), three gradient-boosted tree models
(XGB 1-3), and three neural networks (NN 1-3). The forests use 200 trees, search all features,
and have minimum leaf sizes 100, 30, and 1. The boosted trees have maximum depth three
and at most 200 rounds; their minimum child weights are 10% and 3% of the inner fitting
sample size, rounded up, and 1, respectively. The neural networks use ReLLU hidden layers of
widths (16), (32,32), and (32, 32,32), with at most 600 epochs and early stopping after 60
epochs without validation improvement.

Table 2 reports bias and coverage. For learned embeddings, each successful replication
contributes one estimate and interval, computed using the first source embedding in the
fixed candidate order and the full-sample cross-fitting procedure described above. The same
candidate position is used in every replication. At p = 0, coverage with learned embeddings
ranges from 93% to 96% at n = 5,000 and from 91% to 99% at n = 10,000. For the neural
networks, oracle coverage ranges from 94% to 95% at the smaller sample size and from 97% to
99% at the larger sample size; the corresponding ranges with learned embeddings are 94%-95%
and 91%-94%. At p = 1, coverage deteriorates sharply, ranging from 0% to 4% at n = 5,000
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and equaling 0% for every learner at n = 10,000. All of these learners have positive Monte

Carlo bias at p = 1.

Table 2: Nonlinear design: bias and interval coverage

n = 5,000
Oracle Learned Learned
Learner Bias Coverage (%) Bias  Coverage (%) Bias Coverage (%)
RF 1 —0.0006 92.00 0.0061 94.00 0.0716 0.00
RF 2 —0.0035 93.00 0.0022 93.00 0.0668 0.00
RF 3 —0.0081 89.00 —0.0033 96.00 0.0612 0.00
XGB 1 0.0007 94.00 0.0037 93.00 0.0571 0.00
XGB 2 —0.0030 93.00 0.0007 94.00 0.0535 2.00
XGB 3 —0.0040 92.00 —0.0003 95.00 0.0524 4.00
NN 1 —0.0043 94.00 0.0021 94.00 0.0627 0.00
NN 2 —0.0046 94.00 0.0027 95.00 0.0632 0.00
NN 3 —0.0036 95.00 0.0034 94.00 0.0632 0.00
n = 10,000
Oracle Learned Learned
Learner Bias  Coverage (%) Bias Coverage (%) Bias  Coverage (%)
RF 1 —0.0014 99.00 0.0053 94.00 0.0703 0.00
RF 2 —0.0033 97.00 0.0024 97.00 0.0663 0.00
RF 3 —0.0071 90.00 —-0.0017 99.00 0.0613 0.00
XGB 1 0.0012 97.00 0.0047 94.00 0.0594 0.00
XGB 2 —0.0019 99.00 0.0022 97.00 0.0555 0.00
XGB 3 —0.0024 98.00 0.0015 96.00 0.0540 0.00
NN 1 —0.0022 99.00 0.0042 94.00 0.0655 0.00
NN 2 —0.0012 98.00 0.0049 94.00 0.0670 0.00
NN 3 0.0005 97.00 0.0065 91.00 0.0682 0.00

Notes: Bias is the mean estimation error relative to §* = 0.5. Coverage is for nominal 95% normal intervals.
Intervals use three-fold cross-fitting repeated five times, with median aggregation across splits.

6.2.2 Transferability Test

For each p and replication, we train 25 source embeddings on the same source sample with
different initialization and training-order seeds. We use a nominal 5% rejection threshold.
Within each held-out fold, observations are split into two estimation blocks that share nuisance
fits from the training complement. After pooling held-out observations within each block across
folds, we form the maximum statistic over all 300 pairs of embeddings (all possible pairs of the
25 source embeddings) in each of the two block orientations, using 500 multiplier bootstrap
draws per repetition and orientation. While Theorem 5.1 assumes a single nuisance-training
block independent of both estimation blocks, we encourage implementation of the cross-fitting

procedure for the efficient use of the data, even though its theoretical size validity requires a
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separate argument. The five cross-fitting repetitions and two test sample orientations yield ten
bootstrap p-values. We compare the grid-harmonic merger with the corrected upper-median
rule to aggregate the ten bootstrap p-values into a single p-value for each replication.
For any positive integer J, let p1,...,ps € [0,1] denote the input p-values and write
by = 23'121 1/j. For positive inputs, the grid-harmonic p-value is the smallest ¢ € (0, 1]
satisfying
J

3 1{lyp; <t} > 1
— [Jlpi/t]
and is one if no such threshold exists. We set it to zero if any input p-value is zero. Vovk, Wang,
and Wang (2022, Theorem 7.1) show that the grid-harmonic merging function is admissible
among symmetric p-merging functions and, when J is not prime, among all p-merging functions.
Here admissibility means that no other rule in the relevant class returns weakly smaller p-values
for every input vector and strictly smaller p-values for at least one input vector.

For the corrected upper-median rule, order the inputs as pq) < -+ < p(;) and set
ky = [J/2] + 1. The corrected upper-median p-value justified by Meinshausen, Meier, and
Biithlmann (2009, Theorem 3.1) is

Pmed = min{L (J/kJ)p(kJ)}

Here p(;,) is the middle order statistic for odd J and the larger of the two middle order
statistics for even J. Rejection at level o € (0, 1) requires at least ky inputs to be at most
ak;y/J. For ten inputs, the corrected upper-median rule is min{1, (10/6)p }, where p() is
the sixth order statistic.

Table 3 reports rejection frequencies in both scenarios. For the grid-harmonic merger,
rejection at p = 0 ranges from 4% to 7% at n = 5,000 and from 0% to 3% at n = 10,000.
Rejection at p = 1 ranges from 23% to 36% at the smaller sample size and from 44% to 71%
at the larger sample size. The corrected upper-median rule has lower rejection frequencies: at
p = 0, every frequency is zero; at p = 1, frequencies range from 5% to 11% and from 23% to
51% at the two sample sizes. In these designs, the grid-harmonic merger rejects more frequently
under non-transferability, and rejection frequencies under non-transferability increase with the

target sample size for both merging rules.
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Table 3: Nonlinear design: rejection rates of transferability tests

n = 5,000 n = 10,000
p=0 p=1 p=0 p=1
Learner Median Harmonic Median Harmonic Median Harmonic Median Harmonic
RF 1 0.00 4.00 6.00 23.00 0.00 0.00 23.00 44.00
RF 2 0.00 5.00 5.00 29.00 0.00 1.00 36.00 50.00
RF 3 0.00 6.00 6.00 32.00 0.00 1.00 32.00 50.00
XGB 1 0.00 5.00 9.00 31.00 0.00 3.00 33.00 55.00
XGB 2 0.00 5.00 11.00 35.00 0.00 1.00 48.00 64.00
XGB 3 0.00 7.00 10.00 36.00 0.00 2.00 51.00 71.00
NN 1 0.00 7.00 8.00 28.00 0.00 1.00 38.00 53.00
NN 2 0.00 7.00 8.00 31.00 0.00 1.00 37.00 54.00
NN 3 0.00 7.00 11.00 32.00 0.00 1.00 44.00 55.00

Notes: Entries are rejection percentages at the 5% level. Median and harmonic denote the corrected upper-
median rule and grid-harmonic merger, respectively. Both methods combine the same ten p-values from five
cross-fitting repetitions and two swap test orientations, using 500 bootstrap draws for each.

7 Empirical Application: Monopsony on an Online Labor Mar-

ket Platform

We study the use of pre-trained text embeddings as controls in the online labor-market
application of Dube et al. (2020). The empirical question is how the speed at which workers
accept a task responds to its posted reward, holding task characteristics fixed. Task descriptions
contain information about these characteristics, but converting that information into suitable
controls requires choices about both the text representation and the nuisance learner. The
dataset is revisited by Ahrens et al. (2026) with another text embedding function; however,
our focus is on illustrating our transferability theory, comparing different pre-trained text
embeddings as well as different machine learners in the downstream analysis, applying the test
for transferability in Section 5 to pre-trained BERT representations, and suggesting a new

aggregation robust to the pre-trained embeddings.

7.1 Background and Text as Controls

The analysis uses the sample of Amazon Mechanical Turk postings, comprising n = 258,352
task groups posted by 24,923 requesters. We treat each requester as a cluster in the analysis to
account for potential within-requester correlation. Let Y; be log posting duration in minutes,
X, be log posted reward in cents, and Z; collect the job description text and structured

controls. The identifying specification is the partially linear model
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where k* is an unknown nonparametric function that captures the relationship between task
characteristics and duration. Since the outcome is log duration and the main regressor is log
posted reward, the labor supply elasticity of filling speed is —6* under the monopsony model
considered in Dube et al. (2020). To control for unstructured heterogeneity among the job
postings, they include both structured controls and unstructured text-derived controls in the
specification.

The first control specification, labeled Dube, contains 611 numerically distinct variables: 12
non-text controls, 110 hand-engineered text controls, and 489 learned text controls consisting of
supervised n-grams, topic-model features, and Doc2Vec coordinates. This specification provides
a comparison with an application-specific construction of text controls.?® The remaining six
specifications replace all text-derived Dube controls with frozen BERT embeddings, while
retaining the same 12 non-text controls. We use Small, Base, and Large models with embedding
dimensions 512, 768, and 1,024, respectively, and two pooling rules for each size. The CLS rule
uses the final encoder state at the [CLS] position. The mean rule first applies the pre-trained
masked-language-modeling transformation to each token in sentences and then averages these
transformed vectors in the last hidden layer, excluding padding and special tokens. Both
rules use the task title followed by its description, truncated to at most 160 WordPiece
tokens, and the BERT parameters are not fine-tuned on the application sample. The resulting
BERT specifications contain 524, 780, or 1,036 controls. To visualize the embeddings, we
provide figures in Appendix J.3 illustrating the relationships between the embeddings and task
characteristics.

We emphasise that while Dube controls depend on an application-specific selection of
text features by researchers, the BERT-based controls provide a flexible representation of the

textual information in job postings without requiring manual feature engineering.

7.2 Estimation and Comparison of Specifications

We implement the orthogonal score in Example 2.1 by predicting Y; and X; from the chosen
controls and regressing the out-of-fold outcome residual on the corresponding reward residual.
For each control specification, we use twelve nuisance learners: ordinary least squares, cross-
validated lasso and ridge, three random forests (RF 1-3), three gradient-boosted tree models
(XGB 1-3), and three neural networks (NN 1-3). The same learner specification is used for

both nuisance regressions, with separate fitted models. RF 1-3 use 600 trees and minimum

26The n-gram features are selected by Dube et al. (2020). They first select the n-gram features and then
treat them as fixed in the DML estimation. We collect all selected n-gram features and include them as fixed
controls in our analysis after eliminating numerical duplicates.
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leaf sizes 100, 30, and 1. XGB 1-3 use trees of maximum depth six and minimum child weights
2,000, 500, and 1, with up to 800 boosting rounds and early stopping. The neural networks
have three hidden layers of width ten, three of width thirty, or five of width fifty, respectively,
with ReLU activations. Thus, learners labeled with 1 correspond to the least flexible models,
and those labeled with 3 correspond to the most flexible models.

The results use three-fold cross-fitting with five repetitions clustered at the requester level.?”
All postings by a requester belong to the same fold, and learner-specific tuning and validation
splits within a fold also preserve requester groups. Each repetition produces a coefficient using
all out-of-fold residuals and a requester-clustered variance estimator. We report the median
coefficient across repetitions and take the median of the repetition variances augmented by the
squared deviation of each repetition’s coefficient from that median. Reported standard errors
are the square roots of these aggregated variances. Prediction performance is summarized by
out-of-fold R%/ and Rg( for duration and reward, averaged across repetitions.

Table 4 reports all combinations of controls and nuisance learners. The XGBoost spec-
ifications attain the highest outcome out-of-fold R%/ among the reported learners for every
control specification, with R%, ranging from 0.8421 to 0.8621. Their reward R?X values are
lower and vary more across control specifications, with Rg( ranging from 0.2944 to 0.4109.
XGBoost also attains the highest R3- for six of the seven control specifications; the exception
is BERT Large mean, for which ridge performs best. The choice of text embeddings matters
more for reward prediction than for duration prediction within the XGBoost specifications.
Mean pooling consistently yields higher R%, and generally higher Rg( than CLS pooling, while
increasing BERT size from Base to Large lowers Rg( for all three XGBoost learners under
both pooling rules. BERT Base mean embeddings, used in the subsequent robustness analysis,
attain the highest Rg( within each XGBoost learner: 0.4011, 0.4109, and 0.3847 for XGB 1-3,
respectively, compared with 0.3562, 0.3348, and 0.3434 using the Dube controls.

These patterns highlight the importance of both the choice of text embeddings and the
selection of the nuisance learner for accurate reward prediction. As our theory suggests the
tradeoff of the embedding size between the approximation errors and model complexity, the
choice of text embeddings should balance these two considerations to optimize prediction
performance. In practice, we recommend comparing multiple embedding sizes and pooling

strategies based on the out-of-fold prediction performance measured by R?. Moreover, BERT

27 Appendix J.1 reports the Dube specification with individual-level cross-fitting. While Dube et al. (2020)
use the cluster-robust variance for requester-level clustering as we do here, they use individual-level folds for
cross-fitting. Potentially, the very small p-values in Appendix J.1 can be explained by the over-fitting of the
learners due to within-cluster dependence. To mitigate this concern, we use cross-fitting with cluster-level folds
in our analysis.
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Table 4: DML estimates by embedding and nuisance learner

Panel A: Linear and random-forest learners

OLS

CV-Lasso

CV-Ridge

RF 1

RF 2

RF 3

Dube (611 features)
Estimate (s.e.) 0.0235 (1.1945)
p-value 0.9843

R%/R3 —16.5183 / —15.3010

—0.2648 (0.1751)
0.1304
—15.9878 / 0.3218

—0.2087 (1.4814)
0.8880
—21.8118 / —18.9989

0.0379 (0.2028)
0.8519
0.0355 / 0.1083

0.0285 (0.2101)
0.8922
0.0470 / 0.1311

0.1085 (0.2571)
0.6731
0.0883 / 0.2178

BERT Small Mean (524 features)

Estimate (s.e.) 0.0109 (0.2010)
p-value 0.9568
R} /R 0.0064 / 0.2589

—0.1795 (0.1425)
0.2079
0.1191 / 0.2723

—0.1500 (0.1539)
0.3297
0.1177 / 0.3500

0.0403 (0.1980)
0.8386
0.0913 / 0.1505

0.0583 (0.2047)
0.7757
0.0948 / 0.1681

0.0721 (0.2017)
0.7208
0.1403 / 0.2073

BERT Small CLS (524 features)

Estimate (s.e.) —0.1545 (0.1784)
p-value 0.3863
R} /R} 0.1214 / 0.2449

—0.1606 (0.1386)
0.2464
0.1000 / 0.2800

—0.1799 (0.1437)
0.2104
0.1393 / 0.3520

0.0978 (0.2254)
0.6643
0.0332 / 0.1562

0.1018 (0.2289)
0.6566
0.0370 / 0.1783

0.1175 (0.2355)
0.6178
0.0952 / 0.2154

BERT Base Mean (780 features)

Estimate (s.e.) —0.0386 (0.1801)
p-value 0.8303
R%/R3 0.0622 / 0.1775

—0.1403 (0.1657)
0.3972
0.0764 / 0.2465

—0.1774 (0.1589)
0.2642
0.1376 / 0.3093

0.1134 (0.2231)
0.6112
0.0493 / 0.1513

0.1170 (0.2281)
0.6081
0.0512 / 0.1752

0.1309 (0.2234)
0.5579
0.1020 / 0.2099

BERT Base CLS (780 features)

Estimate (s.e.) —0.1058 (0.1383)
p-value 0.4446
R} /R 0.1082 / 0.2657

—0.1254 (0.1815)
0.4897
0.0821 / 0.2648

—0.1141 (0.1525)
0.4543
0.1266 / 0.3052

0.1325 (0.2485)
0.5939
—0.0121 / 0.1258

0.1430 (0.2548)
0.5745
—0.0099 / 0.1438

0.1736 (0.2536)
0.4936
0.0433 / 0.1756

BERT Large Mean (1,036 features)

Estimate (s.e.) —0.0848 (0.1379)
p-value 0.5388
R} /R} —0.0239 / 0.2993

—0.1790 (0.1687)
0.2885
0.0871 / 0.2754

—0.1956 (0.1455)
0.1789
0.1231 / 0.3376

0.0636 (0.2195)
0.7720
0.0637 / 0.1432

0.0710 (0.2272)
0.7547
0.0662 / 0.1607

0.0946 (0.2206)
0.6680
0.1137 / 0.1951

BERT Large CLS (1,036 features)

Estimate (s.e.) 0.0248 (0.1866)
p-value 0.8943
R%/R% 0.0272 / 0.2288

—0.1665 (0.1598)
0.2974
0.0097 / 0.2469

0.0137 (0.2146)
0.9492
0.0541 / 0.2446

0.1672 (0.2629)
0.5247
—0.0069 / 0.0689

0.1842 (0.2674)
0.4909
—0.0030 / 0.0843

0.2022 (0.2639)
0.4435
0.0516 / 0.1160

Panel B: XGBoost and neural-network learners

XGB 1

XGB 2

XGB 3

NN 1

NN 2

NN 3

Dube (611 features)
Estimate (s.e.) —0.0695 (0.0460)
p-value 0.1307

RY/R% 0.8441 / 0.3562

—0.0422 (0.0338)
0.2116
0.8539 / 0.3348

—0.0262 (0.0361)
0.4687
0.8566 / 0.3434

1.0597 (0.7457)
0.1553
—157.8101 / —68.2209

—0.0764 (1.3586)
0.9551
—138.9729 / —85.0758

0.7116 (0.6657)
0.2851
—103.6923 / —88.4491

BERT Small Mean (52 features)

Estimate (s.e.) —0.0263 (0.0217)
p-value 0.2257
R%/R3 0.8508 / 0.3509

—0.0285 (0.0204)
0.1627
0.8596 / 0.3683

—0.0263 (0.0135)
0.0520
0.8621 / 0.3677

—0.2543 (0.1082)
0.0187
0.3904 / 0.3335

—0.0920 (0.1658)
0.5791
0.2605 / 0.2858

—0.1024 (0.1391)
0.4613
0.2299 / 0.3165

BERT Small CLS (524 features)

Estimate (s.e.) —0.0422 (0.0271)
p-value 0.1198
R} /R 0.8421 / 0.3475

—0.0376 (0.0250)
0.1331
0.8567 / 0.3602

—0.0430 (0.0212)
0.0424
0.8572 / 0.3457

—0.1729 (0.1320)
0.1904
0.2968 / 0.3145

—0.1670 (0.1710)
0.3286
0.1840 / 0.3201

—0.1181 (0.1450)
0.4155
0.1768 / 0.3372

BERT Base Mean (780 features)

Estimate (s.e.) —0.0369 (0.0199)
p-value 0.0635
R} /R% 0.8467 / 0.4011

—0.0374 (0.0175)
0.0326
0.8566 / 0.4109

—0.0334 (0.0216)
0.1225
0.8605 / 0.3847

—0.0571 (0.1384)
0.6800
0.2608 / 0.2938

—0.0396 (0.1887)
0.8339
0.2423 / 0.2819

—0.0287 (0.1537)
0.8519
0.2185 / 0.3107

BERT Base CLS (780 features)

Estimate (s.e.) —0.0444 (0.0330)
p-value 0.1780
RY/R3 0.8430 / 0.3522

—0.0422 (0.0214)
0.0492
0.8530 / 0.3897

—0.0355 (0.0221)
0.1077
0.8575 / 0.3466

0.0138 (0.1690)
0.9348
0.2778 / 0.1560

0.0981 (0.2110)
0.6419
0.1966 / 0.2298

0.1057 (0.2120)
0.6181
0.1613 / 0.1600

BERT Large Mean (1,036 features)

Estimate (s.e.) —0.0376 (0.0317)
p-value 0.2360
R} /R 0.8459 / 0.3293

—0.0419 (0.0253)
0.0978
0.8589 / 0.3281

—0.0255 (0.0184)
0.1661
0.8615 / 0.3175

—0.1140 (0.1142)
0.3183
0.3068 / 0.3094

—0.1645 (0.2040)
0.4201
0.2174 / 0.2702

—0.0450 (0.1447)
0.7559
0.2111 / 0.3017

BERT Large CLS (1,036 features)

Estimate (s.e.) —0.0451 (0.0399)
p-value 0.2584
R} /R% 0.8422 / 0.2944

—0.0274 (0.0254)
0.2814
0.8539 / 0.3145

—0.0321 (0.0312)
0.3028
0.8555 / 0.3205

0.0471 (0.2022)
0.8160
0.1998 / 0.2629

0.1126 (0.2679)
0.6743
0.1360 / 0.1884

0.1571 (0.2075)
0.4489
0.0906 / 0.2166

Notes: Requester-level cross-fitting uses 3 folds and 5 repetitions; 258,352 observations and 24,923 requesters.
Estimates are median coefficients on log reward in the log-duration equation. Parentheses report requester-
clustered standard errors with split-deviation inflation. Two-sided normal p-values test a zero coefficient. The
final row lists out-of-sample outcome and treatment R? scores, averaged across repetitions. Dube uses all 611

numerically unique controls. BERT embeddings include 12 non-text controls.
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embeddings with mean pooling tend to perform better than those with CLS pooling for reward
prediction, which is also consistent with our intuition discussed in Appendix C.2. Finally, we
emphasize that the BERT embeddings do not require the hand-engineered features used in
the Dube controls for accurate reward prediction. By using the modern text representations
provided by BERT, we can achieve high prediction performance without relying on additional
manually crafted features.

The XGBoost coefficients are comparatively stable across text representations. Across
the six BERT specifications and three XGBoost learners, the duration coefficient ranges from
—0.0451 to —0.0255, corresponding to labor supply elasticities between 0.0255 and 0.0451.
With BERT Base mean embeddings, XGB 1-3 give coefficients of —0.0369, —0.0374, and
—0.0334, with standard errors 0.0199, 0.0175, and 0.0216. Their coefficient p-values are
0.0635, 0.0326, and 0.1225, respectively. In the subsequent analysis, we focus on the XGBoost

specifications with BERT Base mean embeddings.”®

7.3 Robustness to Pre-Trained Embeddings

Next, we use a transferability diagnostic to assess the sensitivity of the estimated duration
coefficient to different pre-trained embeddings. We compare the original BERT Base model with
the 25 MultiBERT reproductions of Sellam et al. (2022), which use different training random
seeds governing the initial values and the order of observations used in the optimization process.
All 26 embeddings, including the original BERT embeddings, use the same architecture, mean
pooling, and 12 non-text controls. We apply the sensitivity diagnostic separately to XGB 1-3.

We adapt the bootstrap in Section 5 to requester-clustered cross-fitting and pool contribu-
tions across folds. This implementation is not covered by Theorem 5.1, which assumes i.i.d.
target observations and a single nuisance-training block independent of both estimation blocks.
Extensions to pooled cross-fitting and to clustered observations require separate justification
and are left to future work. Within each held-out fold, requesters are split into estimation
blocks Z; and Zs, sharing nuisance models trained on the complement Z3. After pooling block
residuals across folds, each repetition tests the maximum absolute studentized contrast between
embedding j on Z; and k on I for j < k, and repeats the test with the block assignments
reversed. Influence contributions are summed within requesters, with one Gaussian multiplier
per requester shared across embeddings, to preserve dependence among contributions from
the same requester in the bootstrap. We use 2,000 bootstrap draws per DML cross-fitting

repetition and testing orientation, yielding ten p-values from five cross-fitting repetitions and

28Formally, we also need to consider the model uncertainty among both learners and text representations,
but for simplicity, we simply concentrate on this particular combination.
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two testing orientations. For each learner, we aggregate these same ten p-values using the
grid-harmonic and corrected upper-median rules defined in Section 6.2.2.

Table 5 reports the resulting aggregated p-values for XGB 1-3. The grid-harmonic merger
yields larger p-values for XGB 1 and XGB 2 but a smaller value for XGB 3. Neither diagnostic

rejects at the nominal 5% or 10% threshold for any learner.

Table 5: Transferability-test p-values

Learner Median Harmonic

XGB 1 0.6817 1.0000

XGB 2 0.4875 0.8567

XGB 3 0.6550 0.6078
Notes: Test for transferability compares BERT Original and 25 MultiBERT seeds. Both mergers use the same
10 bootstrap p-values from 5 cross-fitting repetitions and both testing orientations with swapped blocks. The

corrected upper median is min{1, (10/6)p(s)}, where p( is the order statistic of rank 6. The grid-harmonic
merger follows Vovk et al. (2022).

Given non-rejection under both aggregation methods, we suggest reporting the aggre-
gated coefficients and their corresponding confidence intervals to make them more robust to
embedding-specific variations. If the test for transferability had rejected, such aggregation
might be misleading, and we would report the range of coefficients across embeddings instead.
Figure 6 displays the XGB 2 coefficients and pointwise 90% and 95% normal confidence
intervals. The corresponding figures for XGB 1 and XGB 3 appear in Appendix J.2. The
estimates use the full-sample cross-fitting procedure described above. Aggregate is the median
of all 130 embedding-by-repetition coefficients, including the original BERT model. Figure 6
shows that BERT Original’s coefficient is generally close to the median of all embeddings;
however, its confidence intervals are on the lower side compared to those of other embeddings.
Consequently, if the researcher reports BERT Original’s coefficient and confidence intervals
only, they might overstate the evidence for its effect. By considering the aggregated median
coeflicient and its confidence intervals, the researcher can provide a more robust summary of
the embedding-specific variations.

The aggregated median coefficient in Figure 6 is negative, corresponding to a small positive
estimate of the labor supply elasticity, —8*. Both reported confidence intervals for the aggregate
include zero. Under the monopsony model, these estimates are consistent with inelastic labor
supply with respect to the posted reward after controlling for job characteristics, including

text, and hence with potential employer monopsony power in this online labor market.
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BERT Original
0.8566/0.4109

MultiBERT seed 0
0.8574 /0.3407
MultiBERT seed 1
0.8596 / 0.3389

MultiBERT seed 2
0.8581/0.3213

MultiBERT seed 3
0.8606 / 0.3690

MultiBERT seed 4
0.8580/0.3443

MultiBERT seed 5
0.8594 /0.3070

MultiBERT seed 6
0.8589/0.3567

MultiBERT seed 7
0.8589 /0.3551

MultiBERT seed 8
0.8579/0.3734

MultiBERT seed 9
0.8580/0.4145

MultiBERT seed 10
0.8579/0.3321

MultiBERT seed 11
0.8584/0.3723

MuItlBERT seed 12
1/0.3428

MultlBERT seed 13
0.8588 /0.3572

MultiBERT seed 14
0.8591/0.3117

MultiBERT seed 15
0.8562 /0.3631

MultiBERT seed 16
0.8576/0.3779
MultiBERT seed 17
0.8591/0.3129
MultiBERT seed 18
0.8584/0.3434

MultiBERT seed 19
0.8590/0.3310

MultiBERT seed 20
0.8595/0.3410

MultiBERT seed 21
0.8592/0.3338

MultiBERT seed 22
0.8580/0.3792

MuItlBERT seed 23
8597 / 0.3455

MuItlBERT seed 24
0.8571/0.3412

Aggregate

Figure 6: Coefficient
with XGB 2 learners

¢

©

®
ot-d----t-4-J----F- -] -1

-0.15 -0.10 -0.05
(—1) x labor supply elasticity

® Point estimate = 90%ClI 95% CI

robustness to 26 BERT embeddings (Base BERT with Mean pooling)

Notes: Round points show duration coefficients; gray and light-gray bars show pointwise 90% and 95% intervals
using requester-clustered
out-of-fold R? averaged across cross-fitting repetitions. The diamond point shows the median coefficient across
all embeddings and repetitions (130 estimated values) with the corresponding confidence intervals.

standard errors, respectively. Two numbers under the label report duration/reward
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8 Conclusion

This paper establishes sufficient conditions for valid DML inference with pre-trained embeddings,
accounting for source estimation error and partial identification of the embedding function. The
convergence bounds depend on three components: target estimation error with the pre-trained
embeddings treated as standard covariates, source estimation error adjusted for the strength of
transferability, and approximation error of the target model class using embeddings as inputs.
We also develop a computationally feasible multiplier bootstrap test to detect violations of
transferability by comparing DML estimators across embeddings trained for the same source
task with different random seeds. Given the partial identification of the embedding function,
our theory suggests a new empirical practice: assessing and reporting the robustness of DML

estimates across embeddings pre-trained for the same source task with different random seeds.
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This supplementary appendix contains proofs of the results in the main text as well as

auxiliary results.

Additional Notation In the supplementary appendix, we use the following notation in
addition to the notation introduced in the main text. For deterministic sequences a,, and b,
and for a scalar e, we write a,, <; b, if there exists a constant C. > 0, depending only on ¢,
such that a, < C:b, for large n. In the proofs, C; 1,C: 2, ... denote positive constants that
depend only on €, while C1,Cs, ... denote positive absolute constants. These constants may
denote different values in different proof sections. P* and E* denote the outer probability and
outer expectation, respectively. For two symmetric matrices A € RE*X and A € REXK , we

write A=< Aif A— Ais positive semi-definite.
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A Related Results in the Literature

A.1 Transfer Learning in the Machine Learning Literature

While a version of the diversity condition in Definition 3.2 is considered in the machine learning
literature on the excess-risk scale (e.g., Tripuraneni et al., 2020; Xu and Tewari, 2021), we
characterize the diversity condition by a novel relationship between the diversity condition and
the set inclusion condition on the near-identified sets of the embedding function. Although
the machine learning literature provides some sufficient conditions for task diversity and rate
bounds for transfer learning, this paper provides results that are more general and tailored to
economic applications in the following three aspects.

First, our sufficient condition in Theorem 3.3 is more flexible than the existing results.
The existing results focus on the full-rank coefficient matrix Bs, ,, for the linear source head,
but our sufficient condition does not require the full-rank condition on Bg, ,, and allows for
rank deficiency of By, ,, as long as the row span of By, ,, includes the target coefficient Bia -
In addition, our sufficient condition in Theorem 3.3 is more flexible than the existing results
as it allows different source and target covariate distributions and more general relationships
between source and target models, including Lipschitz transformations.

Second, the necessity results in Theorems 3.4 and 3.5 are new to the best of our knowledge.
For linear heads, Theorem 3.4 establishes the necessity of the row-span condition for (0, 0)-
diversity under its stated class and regularity assumptions. For general heads, Theorem 3.5
establishes necessary measurable factorization through the source prediction for (0, 0)-diversity
under its assumptions, including the sigma-field inclusion.

Finally, our rate of convergence of the target model is faster than the existing rates in the
literature. Importantly, existing rates in the literature are not fast enough to guarantee the
0 p(nfl/ 4) rate required for the DML framework without the realizability assumption, which
requires the risks for both the source and target tasks to converge to zero. The realizability
assumption is too strong for many economic applications since it requires a very small error
variance for nonparametric regressions. For example, Theorem 3 of Tripuraneni et al. (2020)
shows that the excess risk of the target model is bounded by a rate always slower than
Op(1/y/n), which implies a rate slower than Op(n~1/%) for the target model itself under the
convex loss assumption in Assumption 4.1 (i). Theorems 1 and 2 of Watkins et al. (2023)
derive excess risk bounds for the target model under the realizability and non-realizability
assumptions, respectively, but the rates are not fast enough to guarantee the 0p(n*1/ 4) rate
for the target model without the realizability assumption. On the other hand, our target

model convergence rate matches the fast rate of Watkins et al. (2023) under realizability, but
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does not require realizability.

A.2 Double Machine Learning with Generated Regressors

Escanciano and Pérez-Izquierdo (2026) study locally robust estimation with generated re-
gressors. While their theory suggests that the generated regressors affect inference on the
parameter of interest in general, this effect of generated regressors does not arise in our setup.
Return to the setup in Section 2.1, where we have a target parameter 8* and nuisance functions
n* = (v*,a*). The goal is to estimate 0* using the estimated nuisance functions 17 = (7, &)
while accounting for the estimation error in the embeddings.

To clarify the relationship, we first consider the case with no approximation error in the
target task €t = 0, and we next consider the case with approximation error. For exposition,
we also focus on a partially linear model (Example 2.1) with squared-loss nuisance training,
so that A, and A, are identity maps. The same logic applies to the other applications with
closed-form Neyman orthogonal scores and nuisance functions taking conditional expectation
forms, including Examples 2.2 to 2.4.

With no approximation error €y, = 0, the population nuisance function in the tar-
get task is n* = f,n © by The partially linear model in Example 2.1 has 7*(Z;) =
(v*(Zi), a*(Zi)) = (Bra[Yil Zi], Eea[X3] Zi]) and fin 0 hin(Zi) = (fy,n © hin(Zi), fan © hin(Zi)) =
(EtalYilhm(Zi)], Esa[ Xi|hm(Zi)]). Thus, our setup considers the case where E,[Yi|Z;] =
EtalYilhm(Z;)] and Ea[X;|Z;] = Eta[Xi|hm(Z;)]. On the other hand, Escanciano and Pérez-
Izquierdo (2026) consider a more general setup allowing E,[Y;|Z;] # EwlYilhm(Zi)] =
fym 0 hin(Z;) and Eo[X;|Z;] # Ewl[Xilhm(Zi)] = famn © hm(Z;). In our setting, hp,(Z;)
captures sufficient statistics of Z; for the target task, making the Neyman-orthogonal score
insensitive to small perturbations in both f, and h. In the more general setting considered by
Escanciano and Pérez-Izquierdo (2026), the same Neyman-orthogonal score can be sensitive to
perturbations in generated regressors h(Z;).

More concretely, recall that the Neyman orthogonality condition is defined as follows:

Definition A.1 (Neyman Orthogonality). A moment function (W;8,n) is Neyman orthogo-

nal at (0%, n*) if
d

EEta[w(W§ 0", n" +r(n—n°))] . 0

for all 1 in some neighborhood of n*.

Consider a Neyman-orthogonal score for the partially linear model: ®(W;;0,v,«a) =
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{Yi—7(Z)) — (Xi —a(Z;))0}(Xi —a(Z;)). Under the regularity conditions for differentiability,

0

EEta[w(I/I& 0*7 fn,n o hp, + 7n(f’r] oh— fn,n o hm))]
r=0

= Eta[{(f’y,n o hm(Z) — fyo h(Z)) = (fan © hin(Z) = fa o M(Z))0" HX — fam © hin(Z))]
+Eu[{(Y = fy,n 0 hin(2)) = (X = fan © hn(2))0" H fan © hin(Z) — fa o R(Z))].

By the law of iterated expectations, the derivative equals zero in our setup by taking conditional
expectation given Z. Without these conditional-mean sufficiency restrictions, orthogonality
with respect to the second-step regressions does not generally eliminate the direct evaluation
effect induced by perturbing the generated regressor. This is the effect addressed by the
first-step correction in Escanciano and Pérez-Izquierdo (2026).2” Our setup is the DML analog
of the index restriction in the literature on semiparametric models (Hahn and Ridder, 2013;
Mammen, Rothe, and Schienle, 2016).

When the embedding sufficiency is approximate (€ta , > 0), Neyman orthogonality remains
defined at the true nuisance vector n*, rather than at its approximation f;, ,oh,,. Approximation
and source-task estimation errors enter through the total errors of the composite nuisance
estimators. Standard DML inference therefore remains valid when these total errors satisfy
the required product-rate and sample-splitting conditions. In this sense, the two approaches
are complementary. Our analysis derives source-to-target convergence rates for independently
pre-trained embeddings, whereas Escanciano and Pérez-Izquierdo (2026) construct influence-
function corrections for direct first-step effects that are not absorbed by orthogonality of the

composite nuisance.

B Pre-trained Deep Learning

B.1 Fully Connected Feedforward Neural Networks (FNNs)

Let us consider a fully connected feedforward neural network with Lyn layers. The input layer
is denoted as layer 0, and the output layer is layer Lyy. Each layer £ has Hy hidden units
(or neurons), and the output dimension is 7. The weights connecting layer ¢ — 1 to layer ¢
are represented by a weight matrix W@ e RHexHe—r where Hy = d and H Iny = I'. The
constant terms (“biases”) for layer £ are represented by a vector b¥) € R¥¢. Let ¢(-) denote

an element-wise activation function, such as the ReLU o(a) = max{a,0}. To avoid confusion

29While Escanciano and Pérez-Izquierdo (2026) propose debiasing estimators for lower-dimensional generated
regressors, debiasing for high-dimensional generated regressors is not studied in the literature.
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with the target functions a}, and af, used elsewhere in the paper, write the layer states as
u(2) =2
and, for £ =1,..., Ly — 1,
u(Z) =0 <W(€)u(€_1)(2) + b(z)> :

If the economist uses the last hidden layer as the embedding, the embedding and source head

in the notation of the main text are
hm(Z) = U(LNN_I)(Z) c RHLyN-1

and
gm(v) = W NNy 4 pEnN) ¢ RT

Our theory is also applicable to other choices of the embeddings. For example, the economist

may use the second-to-last layer as the embedding, in which case
hn(Z) := uINW=2) (7) € RF I -2

and
Gm (V) == W NN (W(LNN*UU + b(LNNfl)) + pInn) e RT

B.2 Convolutional Neural Networks (CNNs)

CNNs are designed for grid-structured inputs such as images. Let Z € RHimg*WimgXCims denote
an image with height Hiyg, width Win,e, and Cimg channels (e.g., RGB color scale). A CNN
replaces dense linear maps by local convolutional filters and pooling operations, so that early
layers detect local patterns and deeper layers aggregate them into more abstract features.
Denote by

hm(Z) € RE

the input to the final affine classification layer, with dropout disabled when extracting
embeddings. For VGG19 (Simonyan and Zisserman, 2015), we can use the final hidden
fully connected layer after activation, with K = 4,096. For ResNet50 (He et al., 2016), the
flattened final average-pooling output has K = 2,048 coordinates and feeds directly into the

final affine classifier. The source head g,, consists of the baseline logit contrasts of the final
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affine classifier, so both models have the form g,, o h,;, with an affine source head. Economists

can use the frozen embeddings E(Zz) as regressors in the target task.

B.3 Transformer (BERT)

BERT is a bidirectional transformer encoder pre-trained on large text corpora (Devlin et al.,
2019). Its original pre-training combines masked language modeling (MLM) and next sentence
prediction (NSP). This structure is useful here because it makes the shared-embedding structure

explicit. A packed BERT input has the form
Z = ([cL8], span A, [SEP], span B, [SEP]),

where the two spans may represent either a genuine neighboring pair or an artificially
constructed pair. BERT tokenizes text into WordPiece units with a vocabulary size of
T + 1 ~ 30,000, so there are T log-odds relative to a baseline token, as in Section 2.3. If p

denotes a token position in the packed sequence, the input to the encoder is

Ug;g)(Zy p) = etok(zp) + eseg(sp) + epos(p)y

where ek, €seg, and epos denote token, segment, and position embeddings, respectively. Let Ly,
denote the number of transformer blocks. Let Z = (z1,..., z)r) denote a tokenized sequence
of length M. For each block ¢ and token position p, let u%)(Z, p) € RX denote the hidden
state at position p after block £ in the fitted source encoder. The transformer encoder maps
{uﬁ,‘i)(z, p) 1]7\4:1 into contextualized states {ug,f")(Z, p) ;];Vil'

For MLM, let Mpeqa(Z) € {1,...,M} be the positions eligible for token prediction,
excluding [CLS], [SEP], and [PAD]. Let M C Mpeq(Z) be the random subset selected for
prediction and let Z be the corrupted sequence used as input, where we randomly replace the
tokens at positions in M with a special [MASK] token or random tokens. Selected positions
contribute to the loss even when their tokens remain unchanged. The MLM head produces

raw class logits through a shallow neural network

~ K T41
gMLMm ¢ RY — R

applied to each contextualized token state u% ”)(2 ,p) for p € M. This head applies a dense

layer with an activation function, followed by layer normalization, before the final affine

vocabulary projection. Let

SBERT = ({8 }per, Sxsp)
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collect the MLM and NSP labels for one sequence. If S, denotes the original token at a
selected position p, then, for sequences with a fixed number | M| =k > 1 of selected positions,

the per-sequence averaged MLM loss is

~ 1 ~
O (Z, 555 = — = 3 log Pr(S, | Z,p)
pEM

For fixed k, averaging this loss across sequences gives the same weighting as normalizing by
the total number of selected positions in a batch, as in the original implementation. For NSP,

the head produces two raw logits
gnspm t R = R?,

from the [CLS] state u,%")(z [CLS]), including a dense layer with a hyperbolic tangent
activation (the pooler) before the final affine classifier. If Sysp € {0, 1} indicates whether span

B truly follows span A, and
7TNSP<Z> = softmax(gNSpm(u%“)(Z, [CLS]))),
then the NSP loss is
Ixsp(Z, SBERT) = _Sysp log mnspa(Z) — (1 — Snsp) log mnsp.o(2).
With this normalization, the combined pre-training loss is
gBERT(Zy GBERT) _ eMLM(Z GBERT) | KNSP(Z GBERT)

The source outputs g, in our theory are obtained by subtracting a baseline logit within each
classification task, leaving T' MLM contrasts at each selected position and one NSP contrast.
To apply the results for affine source heads, we absorb the task-specific transformations into
the embeddings. Let unsp,,» denote the dense layer with a hyperbolic tangent activation in
the NSP pooler, and let unm,m denote the dense layer, activation, and layer normalization
before the MLM vocabulary projection. With dropout disabled, one text-level embedding is
the input to the final NSP classifier,
hZ) = UNsp.m © ull™) (Z, [CLST).

m

For the MLM-based analysis, we instead use the mean of the transformed states over eligible
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positions,

. 1
hNZ)= ———— o ullv) (7
D= My 2= 2w (2

PEMypred(Z)

where [Mpreq(Z)| > 1. This average includes all eligible positions, whether or not they were
selected in a particular pre-training draw. Its relation to the selected-position source objective
is established in Appendix C.2. The economist treats \f/L(Z ) as the generated regressor in the
target sample and estimates the downstream model f o .30

Across fully connected networks, CNNs, and transformers, a shared encoder is learned in
the source task, task-specific heads predict the source labels, and an estimated embedding h is
carried to the target sample. Applying the transfer-learning framework requires matching the
chosen embedding to the source outputs and verifying that source prediction error controls

the outputs used in the transferability argument.

C Transferability Condition for Deep Learning Models

In this section, we examine the transferability condition for CNNs and transformers. This
appendix explains how the sufficient conditions in Theorem 3.3 and Corollary 3.1 translate into
common pre-trained deep learning models. The main message is that transferability depends
on how informative the source-task head is about the learned embedding. When the last source
head is linear, its matrix of slope contrasts has enough rank, and the target class satisfies the
required functional class condition, the sufficient conditions follow from Corollary 3.1. When
this contrast matrix is low-rank or the head is nonlinear, transferability can hold only for
target tasks that depend on the embedding through the part preserved by the source outputs.

Throughout this appendix, source outputs are log-odds relative to a baseline category, as
in Section 2.3. To make the normalization explicit, consider raw logits g(v) = Wo + b for
T + 1 classes, where W € RT+DXE and b € RT+, With class T + 1 as the baseline, define
W e RT*K and b € RT by

Wi, = Wi, — Wrii,, by = by — by,

gt(v) = gi(v) — gr41(v) = Wi v + by,

fort =1,...,T, where W;. denotes the t-th row of W. Softmax probabilities identify the

logit differences g;(v) and are invariant to adding a common affine function to all raw logits.

39The original BERT paper fine-tunes the full network for the target task. In this paper, unless stated
otherwise, we treat the pre-trained encoder as fixed and analyze the target estimator conditional on using the
learned embedding h.
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All rank, singular-value, row-span, and pseudo-inverse conditions below therefore concern
W, and all intercept adjustments concern b. Candidate source heads use the same baseline

normalization. Full column rank of W alone is insufficient.

C.1 Transferability Condition for Pre-trained CNN

When the CNN embedding is the input to the final affine classifier, the normalized source
head has the form

9m (U) = chn,m'U + bcnn,ma

where v € RE is the chosen embedding, Wenn,m € RT*K and benn,m € R”. Here Wenn,m and
benn,m are the slope and intercept contrasts of the raw classifier with 7"+ 1 classes, defined
relative to the baseline class as above. This decomposition applies to VGG19’s final hidden
fully connected layer after activation and ResNet50’s flattened final average-pooling output,
as specified in Appendix B. For their 1,000-class ImageNet versions, T' = 999 is smaller than
both embedding dimensions, so the full-column-rank condition below cannot hold for these
embeddings.

Suppose that the target model class F;, = .F,Si“b is Lipschitz with constant Lr and that
Assumption 3.3 holds. If Wenn s, has full column rank, then

Wehm = WwmWennm) WY,

cnn,m cnn,m cnn,m

is well defined, and for every target model f, we can define

L(2) = fo (Wetn,m (@ = bennm)) -
Then
T 0 g © hin(Z) = fro (Wehn (Wennmhim (Z) + bennm — bennm)) = fn © han(Z),
and the Lipschitz constant of I" is bounded by
Lr < Ly|W§,

nn,m ||SP‘

Therefore, by Corollary 3.1, the CNN source task is (pso,m, pta,n)-diverse over f, with

Ly
Ptan = ¥
O min (chnvm)wn

Pso,m»
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provided that the functional class requirement in Corollary 3.1 is satisfied. Specifically, for every
embedding function h and corresponding best normalized linear source head bg,,, ., + Wehn m (),

the target class must contain the function

U= f” (Wctln,m(b. - bcnn,m + we u)) .

cnn,m cnn,m

The bias difference accounts for translations of the embedding function that can be absorbed
by the source intercept. This functional class condition holds, for example, when the target
class is closed under the displayed linear transformations with intercept shifts. Transferability
is stronger when the smallest singular value of Weun i is bounded away from zero, because
then [[W,, ,llsp is small.

If Wenn,m is rank deficient, then universal transferability fails in general. When the target
subclass consists of linear heads and the other conditions of Theorem 3.4 hold, (0, 0)-diversity
can hold only if the target coefficient belongs to the row span of Weun . More generally,
Theorem 3.5 implies that transferability requires the existence of a measurable map I' such
that

fn o hm(Z) = Fogm Ohm(Z)a

P;,-a.s. Hence, a CNN with a wide hidden embedding and relatively few source labels cannot
be expected to transfer to arbitrary downstream targets; it transfers only to targets that

depend on the embedding through the information preserved by the source classifier.

C.2 Transferability Condition for Pre-trained Transformer

For BERT-style transformers, the relevant source tasks depend on how the downstream
embedding is constructed and on the fact that pre-training is carried out on a corrupted
sequence Z=C (Z, R) rather than on the original sequence Z. Two common choices are the
[CLS] embedding and the mean-pooled token embedding described in Appendix B. The main
distinction is that the next sentence prediction task is a single sequence-level task, whereas
masked language modeling generates many token-level source tasks. For the population
analysis in this subsection, we change the notation of Appendix B: u%), UNSP,m» UMLM,m, and
the corresponding source heads now denote population reference maps, with h,, denoting the

resulting reference embedding. Fitted maps carry check accents.

[CLS] embedding. Suppose that the economist uses

hn(Z) = ull)(Z, [CLST).

7



BERT’s NSP head includes the nonlinear pooler described in Appendix B, so it is nonlinear in
this raw [CLS] state. To apply Corollary 3.1, the pooler must be absorbed into the embedding,
or a head linear in the chosen embedding must be assumed. For a K-dimensional input v to
the final linear NSP classifier, let WNSP,m € R?*K and gNsp,m € R? be its raw slope matrix
and intercept vector, with rows indexed by the labels 0 and 1. Taking class 0 as the baseline

gives

Wxsp,m = WNsP,m,1,- — WNSP,m,0,-»

bNSP,m = ONSP,m,1 — ONSP,m,0,

and the normalized source head is

gNSP,m (V) = WNSP,mv + DNSP,m,

where Wisp,m € R™™K and bnsp,m € R. The full-rank sufficient condition in Corollary 3.1
can then hold only if rank(Wnsp »m) = K, which requires K < 1. For empirically relevant
transformer embeddings such as BERT, K is much larger than 1. Therefore, next sentence
prediction alone cannot generically identify a high-dimensional representation. Under the
conditions of Theorem 3.5, transferability based only on this binary source task requires the
target function to depend on the chosen representation through the scalar NSP log-odds,

including the pooler when the raw [CLS] state is used.

Mean-pooled token embedding. For MLM, we pool only positions eligible for prediction

and include the MLM-specific transformation in the token states. Let
um(Za p) = UMLM,m © U%“) (va) € RK

denote the state after BERT’s dense activation and layer normalization, before the final
vocabulary projection. Recall that Mpeq(Z) excludes the positions of [CLS], [SEP], and
padding. The embedding is

1
hm(Z) = um(Z,p)-
‘Mpred(Z)’ pEM%r;d(Z) ( )

Thus, every eligible position enters the pool, including positions not selected in a particular

corruption draw. Special tokens remain in the encoder input but their states do not enter this
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average. The normalized MLM head is

gMLM,m (V) = WMLM,m? + bMiM m,

where Wyrm,m € RT*K and bymLm,m € RT are the baseline slope and intercept contrasts
of the vocabulary projection. In BERT, the raw vocabulary projection is tied to the input
token-embedding matrix. Full column rank of Wiim,m requires K < T'. Since the same linear

head is applied at every position,

1
IMLMm © i (Z) = ————= > guimm(um(Z,p)).
|Mpred(Z)’ peMpred(Z)

This identity does not by itself relate the MLM objective to the pooled output, because the
objective evaluates only selected positions. We establish that relation before applying the

full-rank result.

From selected-token predictions to raw pooled predictions. Let P,y denote the law
of the raw source sequence before corruption. We consider ordinary WordPiece masking,
for which we select a prescribed number of positions without replacement, subject to a
prediction cap. For the following result, assume that this number is a fixed integer £ > 1
and |[Mopred(Z)| > k, Praw-a.s. Conditional on Z, let M be a uniformly drawn k-element
subset of Mpyed(Z). Independently across selected positions, replace the token by [MASK]
with probability 0.8, draw a uniform vocabulary replacement with probability 0.1, and retain

the original token with probability 0.1. Positions outside M are unchanged. With

— 014
C
the resulting corrupted input satisfies
Pr(Z=27|2,M)=¢" (56)

The second term in ¢ accounts for a random replacement matching the original token.

For a candidate token-state map u and shared affine head g(v) = Ww + b, define its pooled
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embedding and its token-level difference from the reference model by

1
h(Z)= ——F— w(Z,p),
( ) ’Mprod(ZN pEM%d(Z) ( )

AP(Z) = g(u(Z,p)) - gMLM,m(um(Zap))a

and define the population discrepancy at selected prediction positions by

Dhim(g, w) Z 1A,(2)13] (57)
pe./\/l

where the expectation integrates over Z ~ P,.w, the selected subset, and the corruption draws.

Lemma C.1 (MLM Prediction Bound for Eligible-Token Pooling). Under the selection
and corruption conditions above, every candidate pair (g,u) with a shared affine head and

Dyim(g, u) < oo satisfies

g o h — gmram © hanll P2 < ¢ /2D (g, ). (58)

Proof. Conditional on Z and M, the prediction maps on the event {Z = Z} equal their values

at the raw input. Hence (56) gives

E [1{Z = Z} S IA(2)I5 | 2, M
peM

:CJ*ZHA Hz

pEM
Since Pr(p € M | Z) = k/|Mprea(Z)| for every p € Mprea(Z),

= 18,2131 2 =,M1d(z>| S 18,23

pEM pEMprcd(Z)

Dropping the nonnegative contribution from {Z # Z} in (57) and taking expectations therefore
yields

1
Driin(g,w)? = ¢ B Morea(2)| Z 1A,(2)]3
pre pEMpred(Z)
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The shared affine heads imply

1
goh(Z) = guimm o hm(Z) = ———~ Y A(2).
‘Mper(Z” pEMpred(Z)

Jensen’s inequality now gives

1
lg o h = gyratm © hmllB, 2 < Eraw Momea(2)] >, 1213
pred peMpred(Z)
< ¢ *Dypm(g, ).
Taking square roots proves (58). O

Implication for transferability. Suppose that ]-'fLUb consists of L r-Lipschitz functions and
fix f, € F5®(h,,). Assume that Wi, m has full column rank and that Assumption 3.3 holds
with Py, = Praw, so the density of the raw source sequence relative to the target density is at
least w2. Suppose also that the class of pooled embeddings and the affine source-head class
satisfy the target functional class condition in Corollary 3.1, with source prediction distances
measured under P,.y. In particular, for every pooled embedding h and its best affine head
v — W*®v+b* approximating guvrm,m © Am under Py, the target class must contain a function

agreeing Pia-a.s. on h(Z) with
0 o (Wiliam (8 = bt + W*0) )

For any candidate pair with Dyrnv(g, ©) < psom, Lemma C.1 places its pooled embedding in
the raw-source near-identified set at radius ¢/ 2pso.m- Applying Corollary 3.1 at this enlarged
radius gives

Ly
min oh— fnoh <
FeFun Hf fn mHPta,Q = wndmin(WMLMvm>

qk/Q Pso,m- (59)
Here psom bounds selected-token prediction error, and w, compares raw source and target

sequences. The factor ¢ #/2

of the transformed token-state map u,,, let § denote its fitted affine MLM head, and let h

already accounts for corruption. Let @ denote the fitted counterpart

denote the mean of u(Z,p) over eligible positions, as in Appendix B. If these fitted maps

satisfy Dyvim(9, @) = Op(0so,m), their pooled embedding satisfies

. M L]-'(Sso m )
min oh—f,oh =0 : .
o, |f fn 0 hml| P2 P <wn0min(WMLM,m)qk/2
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This selected-token convergence condition must be established separately. Relating cross-
entropy regret to (57) requires curvature and approximation conditions for the selected-token
logit contrasts, as in Assumptions 3.1 and 4.2, with sequences as the sampling units.

This bound is very conservative because it uses only the event that no effective corruption
occurs. The mean-pooling structure suggests that a larger constant may be available under
additional conditions on the transformer states, since many tokens remain unchanged and the
average embedding can still preserve the target-relevant variation even when some positions are
corrupted. A sharper comparison requires additional restrictions on how corruption changes

the token-state functions.

D Source Head Transformation for Ridge Regression

For any B € RT*K  define

Rp = (B'B)"? + Ix — B*B,
BN := BR;',
hY := Rph. (60)

Under these linear transformations of the source head and embedding function, we obtain the
same source output g, poh = g, pn o hg and the desirable properties BN(BY)'BN = BN and
(BM)* = (BY)'.?! Note that these transformations are simple and only require the source
head matrix as well as the estimated embedding function h from the source task. The source
head matrix is typically available to the economist in the pre-trained source model. After this
transformation, if rank(B) > 1, then the transformed source head BY satisfies | BN|s, <@
and o (BN) >owithog=0=1.

min

31f rank(B) = r > 1 and B = UpDpV} is the compact singular-value decomposition, where Dg € R™%"
contains the positive singular values, then

Rp = VDV + Ix — VVp,
Rp' =VDg'Vh + Ix — VeV,
BY = UgV}.

Thus, Rp is invertible even when B is rank deficient. The transformation preserves the composite source
prediction and satisfies

ga,BN ° hg = 9go,B © h7
BN(BN)/BN _ BN,
(BY)* = (BYY.

Every positive singular value of BY therefore equals one.
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After the transformation, we can take the projected estimated embedding as RProl =
(E’i\;)"’ég\ﬁN Thus, every occurrence of RPT in the ridge estimator refers to this projection.
We also form ¢ and é after transformation. If the transformation is used, the population and
pre-trained composite source predictions, and hence the convergence rate in Assumption 3.1
(i), remain unchanged.

The transformation also preserves target-slope compatibility. Because Rp is symmetric, if

' = b' B before transformation, then SN := Ry'3 satisfies

IBN/hN — ﬁ/h,
ﬂN/ — b/BN.

Thus, the transformation changes neither the target score nor the norm of the linking coefficient
b. When the transformation is applied to the population source matrix, we reuse (¢, for this

transformed target slope.

E Technical Lemmas

Lemma E.1 (Transferability Decomposition). Let P denote the distribution of Z, and suppose
that F2°° and H,, are classes of measurable functions. Fiz measurable functions f, and hp,
such that f, o hy, € L*(P). Then, for every h € H,, such that f o h € L*(P) for every
fere,

inf ||[foh— fuo hm”%D,Q
feFgub

= EVar (£, 0 hu(2) | WZ)] + int E[(E[fxo ha(2)| h(Z)) - o h(2)7].
Remark E.1. The first term on the right-hand side represents the variation of f,, o h,,(Z)
that cannot be explained by h(Z); the second term represents the best approximation of the
conditional expectation of f, oh,(Z) given h(Z) by functions in F$'. Our sufficient condition
for transferability in Theorem 3.3 ensures that both terms are small when h € Hgo m (Pso,m)-
Our necessary conditions in Theorems 3.4 and 3.5 make the first term equal to zero for some
h € Hgo,m(0). Example 3.2 illustrates the importance of the second term as it can be positive

even when the first term is zero, which leads to failure of transferability. W

Lemma E.2 (Doob-Dynkin Factorization under Completion). Let (€2, A, P) be a probability
space, let U : Q@ — U be a random element taking values in a measurable space, and let

V :Q — R? be a g-dimensional random vector. Let (U)P be the P-completion of o(U), which
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is defined by (U)P ={AUN:Aeco(U),N C B for some B € o(U) with P(B) =0}. If

o(V) C o)

then there exists a measurable function I' : U — R? such that V =T o U, P-a.s.

Lemma E.3 (Properties of Loss Functions, Farrell et al., 2021, Lemma 8). Let P denote
the distribution of Z. In each setup below, suppose that || fllco, ||@|lcos || f*|lec < M for some
constant M > 0 and all candidate functions f and a. For each setup, there exist constants

cr, >0, cg >0, and Cy > 0 such that

crllf = F*Ip2 < E(F(2),Y)] - E(F*(2),Y)] < cullf = £ 1B

and

1(f(2),y) — L(a(2), y)| < Celf(2) —alz)]|
for all candidate functions f and a, every z € Z, and every y in the range of Y.

(a) Least squares. Suppose that |Y| < M almost surely, f*(Z) =E[Y | Z], and l(u,y) =
(1/2)(y — u)?. Then, we can take c;, = cy = 1/2 and Cp = 2M .

(b) Binary logistic regression. Suppose that Y € {0,1} almost surely, P(Y =1|Z) >0
almost surely, and P(Y = 0| Z) > 0 almost surely. Let

o PY =1]|2)
r = (5 =o17)

and l(u,y) = —yu+log(l+exp(u)). Then, we can take c;, = 1/(2(exp(M)+exp(—M )+
2)), cv =1/8, and Cy = 1.

Lemma E.4 (Properties of Loss Functions for Multinomial Logit). Consider the T + 1-class
classification problem with the multinomial-logit negative log-likelihood loss. Let P denote the
distribution of Z. Suppose thatY € {1,...,T 4+ 1} almost surely and that P(Y =t | Z) > 0
almost surely for everyt = 1,...,T + 1. Take class T + 1 as the baseline category and let
f*: Z = RT be a measurable version of the population log-odds vector f* = (ff,.. S )

defined by
PY=t|2)
(Z) =1 t=1,...,7, P-a.s.
ft() Og(P(Y:T+1|Z)>7 ) s Ly a.s.,
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and define the multinomial logistic loss by

T T
lu,y) = — Z 1{y = t}us + log (1 + Zexp(ut)) , u e RT.
t=1 t=1
Suppose that, for some constant M > 0 and all candidate functions f and a,

Sup!!f(z)Hz,SUI>Ha(z)H27su§!Mf*(2)H2fS M.
zE

ez et
Then,
LR e T AT Den AT ey 2
satisfy
cLllf = bz < BIUT(Z), V)] = B (2),Y)] < eollf = b
and

10(f(2),y) = a(2), y)| < Cel|f(2) = a(2)]]2
for all candidate functions f and a, every z € Z, and every y € {1,...,T + 1}.

Remark E.2. For fixed M > 0, ¢;, < T2 as T — oo, and this order cannot generally
be improved. To see this, take Z to be deterministic and f*(z) = 07 € R”, so that
PY=t|2)=1/(T+1)fort=1,...,T+1. Let 0 = MT~'/? and choose f(z) = érlr,
which satisfies ||f — f"‘H?;’2 = M? and sup,cz || f(2)]l2 = M. Then,

Tor
CTH+1
= or + log (1 +
T+1
_ O +exp(—dr) — 1
N T+1
M2

= +o(T %) =<T?
v+ 0T ’

E[6(f(2),Y)] = Ele(f*(2),Y)] = +log(1 + Texp(d7)) —log(1 +T)

exp(—dr) — 1
T+1

+0o(T7?)

where the third equality uses log(1 + z) = 2 + O(2?) and the fourth equality uses exp(—z) =
l—z+2%/24+0(x?)asz—0. W

For a norm || - || and € > 0, let N (e, F,| - ||) denote the covering number of F, i.e., the
minimum number of balls of radius ¢ with respect to the norm || - || needed to cover the set F.

The following two lemmas are also proved as part of the proof of Theorem 7 in Tripuraneni
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et al. (2020), but we state them here for completeness and clarity.

Lemma E.5 (Properties of Products of Covering Numbers). Let H be a measurable class of
functions with K-dimensional outputs. Suppose that Hy, is the k-th coordinate projection of H,
i.e., Hp = {hk : h = (h1,...,hg) € H}. Then, we have

K
N (e, L2(Q)) < [ N (e/K, Hp, L2(Q)) -
k=1

Lemma E.6 (Properties of Composition of Covering Numbers). Let F and H be measurable

classes of functions. Suppose that F is Lipschitz with constant Lx. Then, we have

N (e, FoH,L*(Q)) < N (¢/(2LF), H, L*(Q)) - EE%N (e/2, F. L*(Qn)),

where Qy is the measure such that Qp(A) = Q(R'~Y(A)) for any measurable set A.

Definition E.1 (Uniform Entropy Integral). For a class F of measurable functions with

measurable envelope function F', define the uniform entropy integral by

J
T(0.FIF L) = sup | 1+ 108N ElFloa F L@
0

where the supremum is taken over all discrete probability measures @ with || F||g.2 > 0.

Importantly, the uniform entropy integral depends only on the function class and its

domain, not on a particular probability measure.

Lemma E.7 (Localized Maximal Inequality for Lipschitz Loss). Let F, be a pointwise
measurable class of measurable functions mapping into RT with sup, || f(v)|]2 < M < oo
for every f € Fy, let Hp be a class of measurable functions, and let h — f7, € Fy
be a mapping. Let mysp(z,y) = —L(f o h(2),y), Myn(f,h) = Pamysn, Mp(f,h) = Pmyp,
Gng = V/n(P, — P)g, and, for every h € Hp, and 6 > 0, define dp 1, (f, f') = ||foh— f'oh| pa,
Bun(6) = {f € Fu i dup (£ £70) < 0}, and Mo (8) = {mpn—my:, s f € Bun(0)}.
Suppose that £ : RT x Y — R is Lipschitz continuous in the first argument with respect to

|| - |2 with constant Cy. Then,

sup Ep [ sup  V/n ’(Mn = M,) (f,h) — My, — M,) (f;:,ha h) ’]
heHm FEBy 1 (0)

M2 2 M nML
< cont (16/0,F a1y AT O TNy

32 /n
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Lemma E.8 (Localized Pointwise Measurable Class). Let T' > 1 and let F be a pointwise
measurable class of measurable functions mapping into RT with measurable envelope function
F such that ||f(x)|2 < F(z) for every f € F and PF? < oco. Then, the localized class
B(6) ={f e F:|If — [*llp2 < &} is also pointwise measurable for every § > 0 and every
measurable function f* mapping into RT such that ||f*(x)||2 < F(z).

Lemma E.9 (Covering Number for VC Function Classes, van der Vaart and Wellner, 2023,
Theorem 2.6.7). For a nonempty VC-class of functions with measurable envelope function F

and r > 1, every probability measure Q with | F||g, > 0 satisfies

N (el F|

1 rV(F)
0r F Q) S AV VE) a0 (1)

for0<e< 1.

Lemma E.10 (Rate of Convergence). For each n, let F,, be a set of measurable functions, let
Fr be a set of measurable functions, and let H,, be a set of measurable functions h. Assume

that for every fized h € H,,, there exist mappings
h fon € Fny he fon € Fp

For each n, let M, be a stochastic process and let M, be a deterministic function indezed by a
set (FnUFy) X Hy,. For every fized h € Hy,, let f— dy p(f, f;,h) be a deterministic function
from Fy, to [0,00), and let 0,, > 0 and 7, € (0,1] be some sequences. We also assume that for
every fited h € Hp, and § > 0, the set {f € Fn : dpp(f, [} ) < 6} is pointwise measurable.
Let h € H be some possibly random function estimated using a sample of size m independent
of Mi,, M,,, and ﬁl,h defined below. For every e >0, let Hype € Him be a subset of Hy, such
that lim sup,,,_, P(7L ¢ Hme) < e. Suppose that, for every n, every e > 0, and every positive

§ > 1,1C: 09, for some constant C- > 0 depending on &,

sup sup My(f.h) = My (fipoh) Se —728%, (61)
h€Hm.e feFn:6/2<dn n(f.1} ) <6
and
sup E sup Vi |(My — M) (f,h) — (M — My) (frp,B) || Se dn(6)  (62)

hEHm, f€Fnidn n(f.17,)<6

for some increasing functions ¢, : [8,,,00) — R such that § — ¢,(8)/8% is decreasing for some
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& < 2. Let 6, satisfy

On (571/7'71) ga \/ﬁéz, 5721 za hs?lip M, (f;m h) - M, (fn,hv h) , On 25 én- (63)
EHm,e

~

Let the sequence fn,h take values in F,, for every fited h € H,,. If M, (fn 4 ﬁ) > M, (fn B 7&) —
Op (82) is satisfied, then d s (j/il i f;: E) = Op (0n/Tn).

Remark E.3. The pointwise-measurability assumptions are required to ensure the measura-
bility of the supremum within the expectations. We can eliminate this requirement by using
outer expectations and probabilities instead (see van der Vaart and Wellner, 2023, Sections
1.2and 2.3). N

Lemma E.11 (Rate of Convergence for Regularized Estimator). For each n, let F, be a
set of measurable functions, let F}; be a set of measurable functions, and let H,, be a set of

measurable functions h. Assume that for every fixed h € H,,, there exist mappings
h fon € Fay h fon € Fp.

For each n, let M,, be a stochastic process and let M, be a deterministic function indexed
by a set (Fp, UF)) X Hy. For every fized h € Hy,, let f— dyp(f, f;h) be a deterministic
function from F, to [0,00), and let 8,, > 0, 7, € (0,1], and A\, > 0 be some sequences.
Let J,, + Fn, — [0,00) be some complexity measure of f. We also assume that for every
fized h € Hy, and § > 0, the set {f € Fp 2 dup(f, 1) < 0, Tn(f) < md/An} is pointwise
measurable. Let h € H.n be some possibly random function estimated using a sample of size m
that is independent of M,,, M,,, fn’h, and Xn,h defined below. For every e >0, let Hype € Him
be a subset of Hy, such that limsup,, P(\f/L ¢ Hme) < e. Suppose that, for every n, everye > 0,

and every positive 6 > TglCE,oén for some constant Cc g > 0 depending on ¢,

sup sup My (f,h) = My (fi o h) Se —706%, (64)
h€Hm.e feFn:6/2<dn n(f.1},)<0
and
sup E sup V| (M = M) (f,h) = (Mo, = My) (£5,1)| | Sz 6n(6) (65)
h€Hm,e fe€Fnidn n(f.17,)<6

Jn(f)<7'n6/)\n

for some increasing functions ¢y, : [8,,,00) — R such that § — ¢,(8)/6% is decreasing for some
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& < 2. Let 6, satisfy

®n (571/7'71) ga \/ﬁéz, 5721 za sup M, (f;:,m h) — M, (fn,h7 h) , On 25 énv

heHm,E
sup An\jn (fn,h) < 5717 sup dn,h (fn,fu f;:,h) < 571/7—71 (66)
h€Hm e h€Hm, e

Let the sequence ﬁl,h take values in F, for every fized h € H,, and B\\n,h be a sequence of

nonnegative random variables for every fized h € Hy,. If
M, (J?njl,ﬁ) - Xiﬁjf (f?ng) > M, (fnjpﬁ) - Xiﬁ,vljf (fnﬁ) —Op (67), (67)

then, on the event {/):n,fvz > A\n}, we have d, 5, <J?n77z’ f;]v) =O0p(1)x (5n/7'n + Xnﬁjn (fn,vl) /Tn)

The next lemma is useful when we want to derive the convergence rate of f,  around f,

instead of f .

Lemma E.12 (Curvature Condition for Approximate Maximizer). Let dy, p(-,) be a pseudo-
metric on a set containing F, U F,; for every fized h € Hy,. Distinct heads may have zero
distance when their compositions with h agree almost surely. Let 1, € (0, 1] be some sequence.
For everye > 0, let Hype € Hyy be a subset of Hy,. We assume that there exists some sequence
9,, > 0 such that SUPpet,, . dn,h <fn,h, f;h> e 9,,- Suppose that for every n, every e > 0, and
every § > 0,

sup sup My (f,h) = My, (fi o h) Se =776 (68)
h€Hm.e feFn:6/2<dnn(f.f} ) <6

and

dn,h (fn,fu f:;,h)2 26 M, (f;;,h: h) — My, (fn,ha h) (69>

for every h € Hpme. Then, for every n, every € > 0, and every positive § > 1, 1C. o8, for

some constant C; o > 0 depending on €,

sup sup My (f,h) = My (fap, h) Se =750, (70)

heHm.e feFn:6/2<dp (f,fnn)<0
Lemma E.13 (Inequality for Rademacher Complexity). Let &1,...,&, be i.i.d. Rademacher
random variables, i.e., P(§ = 1) = P(&§ = —1) = 1/2 for every i = 1,...,n, and suppose
that they are independent of the data. Let U be a bounded subset of R™ and for every
i=1,...,n, let ¢; : R = R satisfy $;(0) = 0 and be Lipschitz continuous with constant Lg,
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i.e., |pi(u) — ¢i(v)| < Lglu — v| for every u,v € R. Then, for u = (ui,...,u,) €U, we have

E

> &

=1

> Gidi(u)

i=1

sup
uel

sup
uel

]§2L¢,-E

Lemma E.14 (Matrix Norm Inequalities, Stewart and Sun, 1990, Theorem 11.3.9). Let || - ||
be a unitarily invariant norm such as the Frobenius norm || - ||p, the spectral norm || - ||sp, and

the nuclear norm || - ||.. For any matrices A € RT*X | A € REXT" we have

IAA] < || Allsp - Al and | AA] < [|A]l - | Allsp.

RTXK

Lemma E.15. For every matriz A € with rank at most one, we have || Al = || A||r =

|Allsp = Vtr(A’A). If A = w' for some vectors u and v, then ||All. = [|Allr = ||Allsp =

[ull2]lv]2-

RTXK

Lemma E.16. For every function a : V — RE | every matriz A € , and every probability

measure P on V, we have

[Aalp2 < [ Allsp - llallpa-

Lemma E.17. For every matriv A € RT*E with rank(A) > 1, the spectral norm of its

Moore-Penrose inverse satisfies

1A lsp = 1/ (A).

min

Lemma E.18 (Bound on Effective Degrees of Freedom). Let N4(\) be the effective degrees of
freedom defined as Na(\) = tr (A(A + )\QI)_l) for a positive semi-definite matriz A € REXK

and A > 0. Let A € REXK pe another positive semi-definite matriz. Then,
VAN = Nz < 14 = A /A%

Lemma E.19 (Transformation on Effective Degrees of Freedom). Let Na(\) be the effective
degrees of freedom defined as in Lemma E.18. Let Q € RE*XK be another matriz. Then,

Ngagr(N) < max{L, [|Q[Z, N ().
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F Proofs for Main Results
F.1 Proof for Theorem 3.1

Proof. By the triangle inequality, we have

|l feoh— foohmn

—: (I) + (II) + (III). (71)

Hfo\ﬁ —ag,

< Hfo\ﬁ oh‘

o] + 50 o = a2

ta, ta,

We bound each term separately.
By (14) in Assumption 3.1 (ii),

(I) = Op(rtam)-

Next, we bound the second term (II). By (13) in Assumption 3.1 (i),

|07 = gmo |, = Or.(Gom).
Since g € G, we have
i h—gmoh = Op,. (bso.m)-
grgégHgo gm © Pso (Oso,m)

Hence, for every € > 0, there exists a constant M. < oo such that

lim inf Py, (mln Hgoh gmohm‘

m—00 ge m

Maéso,m> >1—e.
Pyo,2

Thus, we have
lim inf Py, (E e Hso,m(psom)) >1—¢,
m—0o0

with pso.m = Mcdso,m. Since the event {E € Msom(Pso,m)} depends only on the source sample,
the above lower bound also holds under the joint law P. On this event, Assumption 3.2 and

(12) imply that he Hia,m(Pso,m/Vn), 1€

min th—anh < pso,m/Vn = Maéso,m/Vn-
fej—-%lﬂ) ta72
Therefore,
min ||f oF = fuohn|| = Op,(om/vn):
feFsub Pia,2
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Hence, the second term satisfies

(II) = Op(bso,m/Vn)-

By Definition 3.1,
(II) = O(etan)-

Combining the three bounds yields

Hf oh — afa = OP (Tta,n + 5so,m/yn + eta,n) 3

ta,

which proves the claim. O

F.2 Proof for Theorem 3.2

Proof. For every h € Heom(0), define

Ap(h) = fg;b |foh—fno hmHPta,?'

First, consider the deterministic sequence hi, = hy,. By assumption, fn o hm = [, ohny

P;,-almost surely. The assumptions and the triangle inequality then imply

€ta,n = an 0 Ry — ataHPtaQ
< |fnohm = frahm © Ml P2 + | fah © B — agall Pia 2
= OPta(l)'

Since €gan is deterministic, this implies €, = 0(1).

Now fix any deterministic sequence hi, € Hso,m(0). By the triangle inequality,
An(Bh) = 1£2 1 0 hly = fu 0 hunll P2
g VA hhy = Fopt 0 Phll P
+ 1 f i 0 Yy = il P2 + €tam
= OPta(]‘)‘
Because An(hin) is deterministic, An(hin) = o(1) for every such deterministic sequence.

We claim that supyeyy,, . 0) An(h) = o(1). Otherwise, there would exist € > 0, a sub-
sequence {n;}, and deterministic functions hinnj € Hsomn, (0) such that A, (h;rnnj) > ¢ for
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every j. Setting hin = hy,, outside this subsequence would produce a deterministic sequence
contradicting Ay (hl,) = o(1). Finally, define Ptan 1= SUPpep, . (0) An(h). Then pgan = o(1)
and, by definition, Hgom(0) € Hiam(pran)- O

F.3 Proof for Theorem 3.3

Proof. Pick any h € Hgsom(pso,m)- Then, by the triangle inequality and || f, o hy,(Z) — T o
9m © hin(2)|| pa2 < 0n, We have, for every f € F5ub,

Hfoh—fnohm”Pta,z
<|foh=Togmohmlp, s+ 0gmohm=funohnlp,
< oh=Togmohnlps+ en
<|foh—=Togpohlp, o+ |Togyoh—To0gmohn|p, s+ on

Taking the minimum over f € F5"» on both sides, we have
fg}l;b |foh— fuo hmHPta,Q

< fggb”foh—rogﬁlohHPm,2+ ||Fog;noh—FogmohmHPth—FQn

<|Togpoh—Togmohm|p, o+ 20n
< Ly ||gm o h = gmohmllp, 2+ 20n

< LFPso,m/Mn + 20p,

where the second inequality follows from the existence of f € F$' such that ||f o h — T o g%, o hl| P2 S
0n. The third inequality follows from the Lipschitz continuity of I', and the last inequality
follows from Assumption 3.3 and the definition of Hgo m (pso.m)- O

F.4 Proof for Corollary 3.1
Proof. Define the function I' : RT — R by
[(x) = fa (B;;m(x - O‘SO,m)) .

Since Bgom has full column rank, B$7mBSO’m = Ik, and hence

['ogmohm=fn (B+ Bso,mhm) = fn o hm.

s0,m
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Moreover, I' has Lipschitz constant Lr < Lz||Bg ., |lsp since

S0,m

IT(w1) = T(22)| < L || B (21 — 22)]

s0,m

< Lr || Bomllg, len = 222

for every 1,29 € RT, where the last inequality follows from Lemma E.16.
Fix psom > 0 and h € Heom(psom), and let ( B

som) be the minimizer in the

a;o,m’
statement of the corollary. Define g, (v) = a2, ,,, + B

som so,m¥. By the assumption, there exists
f € F5' such that

f © h = fn (Bs—i_),m(a;o,m - aSO,m + Bs.o,mh))

=Togyoh,

P;,-a.s. Therefore, by Theorem 3.3, g, is

( L]‘—”Bs—i(_),mHSP )
Psooms ———— Psom

Wy,

diverse over f, with respect to hy,. Finally, Lemma E.17 gives |BS . llsp = 1/0min(Bso,m)

s0,m

because Bg, , has full column rank. O

F.5 Proof for Theorem 3.4

Proof. Suppose that there is no such function b. This implies that By, ¢ span{B{, ,,} := S.
Thus, there exists a unit vector v € S+, where S+ is the orthogonal complement of S, such
that f{,,v # 0. Define P, = Ix —vv’ as the projection matrix onto the linear subspace
orthogonal to v. Let h(Z) = P,hym(Z) + ¢, where ¢ € RE is the vector such that h € H,,, and
let g(u) = @so,m — Bso,m¢ + Bsomu. The head-class assumption in the theorem ensures that

g € G. Then, we have

Hg oh—gmo hmH%Dst = Eso [Haso,m + Bso,m(thm(Z) +c—c)— (aso,m + BSO,mhm(Z))Hg]
= IEso [”Bso,m(thm(Z) - hm(Z))H%]
Eso [HBSO,mUU/hm(Z)”%] =0,
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where the last equality follows from v € S*. Thus, h € Hsom(0). On the other hand, every
f € F3UP can be written as f(u) = a + f'u for some o € R and 3 € R¥. Hence,

. 2
fgl}l;;}lb [foh— faohmlp,2
y !
— 1
> in Eta o+ ,B C— Qtan
a€R,BERK P,B — Bran hin(Z)
— /_
1 1 'c—
> Hmin Et, min e e
hi(Z)) \hi(Z) AERBERT I\ Pof — Bran

| 1 Y a2
2 Hmin IEta (hm(Z)> (hm(Z)> ( Bta,n) > 07

where the first inequality follows because the target subclass contains only linear heads, and

2

2

the second inequality follows from the property of the minimum eigenvalue fimiy(+), and the
third inequality follows from

o+ B,C - ata,n
P’vﬁ - ﬁta,n

2

> min ||P,S8 — 2
, - 5€RK ” UB Bta,nHQ

= min [1P(8 = Bua) = 00 Bran

= ;23& 1P, (8 = Bran) 13 + (v/Ban)?

min
a€R,BERK

> (U/Bta,n)Q > 07

and the positive definiteness of the second moment matrix of (1, hy,(Z)) under Pi,. Thus,

h & Hiam(0). O

F.6 Proof for Theorem 3.5

Proof. Suppose that there is no such function I'y. Thus, for every measurable function

Io:RE = R, we have P, (fn 0 hyn(Z) # T o ho(Z)) > 0. The assumed square integrability
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of fy, 0 hy and f o hg under P, allows us to apply Lemma E.1 with P = P,, and h = hg:

feigl-‘gub lfoho— fno hm”%‘ta,Z

= B [Vara (fu 0 hn(2) [ ho(Z))] +inf| B [(Eta [fn© hn(Z) | ho(Z)] = f o ho(2))?

> B [Vara (fo © hin(Z) | ho(2))]
= Eta [(fn 0 hin(Z) — Ega [fn 0 hin(2) | ho(2)])?] -

The last term is strictly positive since Py, (fr © hi(Z) # Tp 0 ho(Z)) > 0 for every measurable
function I'g. Thus, hg ¢ Hiam(0), while we have hg € Heom(0) by assumption, which
contradicts the (0, 0)-diversity of g,, over f,, with respect to h,,. This proves the first claim.
For the second claim, suppose that the additional sigma-field inclusion condition holds. Since
ho(Z) and g, © hy(Z) take values in the standard Borel spaces R and R, respectively,
Lemma E.2, applied with U = g, 0 hin(Z), V = ho(Z), and P = Pi,, implies that there exists
a measurable function T'y : RT — RX such that ho(Z) = T'1 © gy © hyn(Z), Pra-a.s. The second
claim then follows by defining I' :=I'g o I'y. O

F.7 Proof for Theorem 4.1

Proof. By Theorem 3.1, it suffices to verify (14) with 7, there replaced by 7tan + dso.m/Vn +
€ta,n, since adding the transfer and approximation terms again does not change the resulting

stochastic order. For every h € H,,, write

frn € argmin(|foh — fo o hulpy2,
feFsub

and retain the shorthand fy = f; P By definition and the inclusion F5'P C F,,, we have
fon € F3 C Fo.

Moreover, ]/”\E Fn by the statement of the theorem. If V(F,,) = 0, the nonempty class F,
contains only one pointwise function. Then f: f; p, for every h, so the target estimation error
is zero and the general theorem gives the result. We therefore consider V(F,) > 1 and enlarge
MF to at least one if necessary. By (13) in Assumption 3.1 (i), for every € > 0, there exists a

constant M, < oo such that

lim sup P, (\ﬁ ¢ Hso,m(Msdso,m)> <e.

m—00
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We will apply Lemma E.10 with Hp, e = Heom(Medsom), Fn as given in the theorem,
fin = fan = I Jaon = J. P = Pa, My(f.h) = —Ewlla(f 0 1(2),Y)], My (f,h) =
— > ba(f o h(Z),Ys), dun(fo f') = ||f o h— f o h||p,,2, and 7, = 1, where the notation
on the left-hand side is that of Lemma [.10.%?

By Lemma E.8, the pointwise measurability condition in Lemma E.10 is satisfied. Note
that f;,h and fdepend on h through the minimization problem given h.

Since fy o % need not equal af,, we cannot directly apply the curvature condition in
Assumption 4.1 to f5 o h to verify (61). For this purpose, we first apply Lemma E.12 with
Hme = Hsom(Mesom), Fn as given in the theorem, f, ) = fon and fr, = af,. We can
bound

sup Hf;z,h oh— a;kaHPta,?
heHm,e

< sup 1fanoh—=foohmlpaz+fnohm —aglpa.2
hE’Hta,m(ME(Sso,m/Vn)

< Maéso,m/yn + €ta,n, (72)

where the first inequality follows from the triangle inequality and the inclusion H,,. C
Hia,m (Me0so,m/Vn), which follows from the definition of H,, . and Assumption 3.2. The second
inequality follows from f}, € argmin sc zeub |foh— fnohn|p,z2, the definition of Ha m(-),
and Definition 3.1. If we set §,, = 6s0,m/Vn +€ta,n, We obtain the conditions in Lemma E.12 with
T, = 1 by the curvature condition in Assumption 4.1. Thus, Lemma E.12 implies that there
exists a constant C. g > 0 such that for every ¢ > C; 0(dso.m/Vn + €tan), (61) in Lemma E.10
holds with f,, , = ;;h = fﬁ,h and 7, = 1.

Next, we verify (62). By Lemma E.7 with P = Py,, £ = la, Cp = Cya, and M = Mp,

sup E sup \/ﬁ ’(Mn - Mn) (fa h) - (Mn - Mn) (f;:,h’ h)’
heHm FEFn:dnn(£.£5,)<6

MEJ? (6/Mp, Fo|Mp, L
S CraMp <J(5/Mp,fn|MF,L2)+ #J” (0/Mp, Jn|Mp 2))

52 /n
32To apply Lemma E.12 below, extend these definitions to the best target predictor ai, by setting, for every

f S }—n and h € Hm7 Mn(a:a7h) = _Eta[éta(ara(ZLY)L Mn(a:a7 h) - _% ?:1 gta(a:a(zi)vyi)y dn,h(f: a:a) =
dn,h(a‘:aa f) = Hf oh— az(a”Pta,Qv and dn,h(a:av a:a) =0.
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For 0 < § < Mg, Lemma E.9 gives

d/Mp

J(0/Mp, Fn|Mp, L2) S V(Fp)log(e/e)de

0
< OMpt/V(F,) log(eMp/6).

For § > Mp, split the entropy integral at one and use monotonicity of covering numbers to
obtain J(6/Mp, Fu|Mp, L2) S (6/Mp)+/V(Fyn). For n > 2, define the following modulus on

every nonnegative radius:

¢n(5) = 5\/ﬁ7ﬂta,n + MF\/ﬁrga,n'

For 6 > Mp/+/n, the entropy bounds above and log(en) < log(n) show that the preceding
empirical-process expectation is bounded by a constant multiple of ¢, (), uniformly in h. For

0 < § < Mp/y/n, nesting of the localized classes bounds that expectation by its value at
Mp/\/n. Since V(F,) > 1,

QSH(MF/\/’E) S MF\/ﬁTtZa,n < ¢n(5)
Thus (62) holds for every positive radius. The function ¢,, is increasing, and

Mp \/ﬁTtQa,n

¢n(6) = \/ﬁrta,n + )

)

is nonincreasing for § > 0, so we may take ¢ = 1 in Lemma E.10. Moreover, ¢,,(8) < /nd?
whenever § > 7, . Taking 8, = 7tan + 0so,m/Vn + €tan also satisfies the approximation and
optimization requirements in (63) and the approximate maximization condition, by (17) and
fon = f;,h' By Lemma E.10, we obtain the following convergence rate using the condition
(63):

_op ( V(Fa) log(n)

n

P2 + 5so,m/7/n + Eta,n> . (73)

Thus, Assumption 3.1 (i) holds with rate rtan + dsom/Vn + €tan rather than r,, alone.
Applying Theorem 3.1 yields (18), since adding the transfer and approximation terms once

more does not change the resulting stochastic order. This completes the proof. O
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F.8 Proof for Theorem 4.2

Proof. If all coordinate classes H,, 1 and G, have VC dimension zero, the composite class
Gm © Hy, contains only one pointwise function. Then g o h= Jm © hy, and the error relative to
al, equals €g . Both conclusions follow since 7,,, < 1. We therefore consider the case in which
at least one coordinate VC dimension is positive. As in the proof of Theorem 4.1, we will apply
Lemma E.10, but here the argument is unconditional on Z. Thus, we set f;, = fin = gm © hm,
.]/C\m =go \ﬁ, and P = Ps,. We define the objective functions for joint optimization over g and
h, rather than optimization over f for fixed h. For every a,a € (G, o H,,) U {ak,}, define
M (a) = —Eso[lso(a(Z), 5)], Mim(a) = — 15 3751 bso(a(Z;), Sj), and dm(a, @) = |la —d|p, 2.

The curvature condition (61) is Verlﬁed as in the proof of Theorem 4.1, by applying
Lemma E.12 with fp, = gm 0 b, [, = aly,
C > 0 such that for every § > 7,,1Césom, (61) holds.

and 0,, = €so,m- That is, there exists a constant

The constant function M is an envelope for G,,, 0 H,, (enlarge it so that Mg > max{1, My}
if necessary). By Lemmas E.5, E.6 and E.9 and the uniform Lipschitz condition in Assump-

tion 4.2 (iii), for 0 < ¢ < 1 and every discrete probability measure @,

K eLgmK
L +log N (Mg, Gm o Hm, || - | ZV m.k) 108 (g€m>
k=1
T
el
+ 3 V(G tos ().
t=1

The positive coordinate dimension ensures that the right-hand side also bounds the constant
one. Integrating as in the target proof, and using monotonicity of covering numbers beyond

radius one, gives, for every § > 0,

J (57 gm o Hm’MG, LZ)

eLgmK d el
ZV m.k) log AT +ZV(Qm7t)log 5 A1
t=1

1/2

For m > 2, define

Gm(8) := 0T/ MTsom + Mngl\/ﬁrsojm, § > 0.

For 6 > Mg/+/m, apply Lemma E.7 with F,, = Gy, 0 Hyn, C¢ = Cps0, and M = Mg. The
entropy bound and (20) imply (62) with this ¢,,, since the logarithms are bounded by constant

multiples of log(mLg ,»K) and log(mT'). For a smaller positive radius, nesting bounds the
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empirical-process expectation by its value at Mg/y/m. Since at least one coordinate VC

dimension is positive,

Om(Ma/Vm) S Mari/mrl, , < ém(0).

Hence the modulus bound holds at every positive radius. The function ¢,, is increasing and

®m(9)/6 is nonincreasing, so the rate lemma applies with £ = 1. For § > rgo m,

¢m(5/7-m) = 5\/%Tso,m + MGT%\/ETS%’WL S m52

Thus 0y, = r'so,m+€so,m satisfies the rate and approximation conditions in (63); the approximate
maximization condition follows from (21). By Lemma E.10, we obtain the following convergence

rate using the condition (63):

= OPSO (rso,m/Tm + Eso,m/Tm) . (74)

7o ~omota

Since ||gmohm —al,|| P2 < €so,m and 7, < 1, the triangle inequality gives (23). This completes

the proof. O

F.9 Proof for Lemma 4.1

Proof. By the definitions of Epmj, q, and é,

[l = @+ Q)|

5 = HES—E (5[50 + éso\ﬁ - (aso,m + Bso,mhm)) ‘

Pso, Pso,2

< 1B llsp (75)

650 + ESOE - (aso,m + Bso,mhm)‘

S0y

The inequality follows from Lemma E.16. By Assumption 3.1 (i), the second factor on
the right-hand side of (75) is Op,, (dso,m). Combining this rate with HE;EHSP = Op,(a;})
proves the stated result. Finally, on the event in the sufficient condition, Lemma E.17 gives

1B |lsp < 3.k, which verifies the condition in (25). O

F.10 Proof for Theorem 4.3

Proof. For each h € Hh,”, select a source minimizer

(aso,m,fu Bs.o,m,h) € arg min HO& + Bh — (aSO,m + BSO,mh’m)”PSOQ :
(avB)eeso,m
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For every h € Hi,”, define the target-head parameters through the selected source minimizer
by

° ,_ / + °
Qtan,h = Qan + Bta nB (

so,m\Xsom,h aso,m),

ﬂtanh = Btan‘BJr B

so,m*~“so,m,h>

fn,h(v) - atanh + Btan nv-

By definition, (a2, 1 Benpn) € Osom. Indeed, Assumption 4.3 implies, uniformly over
h e HO!

’atanh‘ < |agan| + |67, Bso mBsomH Ha;o,m,h — asomll2 < |atan] +2ChCas0 < Cay

Hﬁta,n,hHQ < Hb, Bso mBs—; m” HB < Gyo < CB'

(76)

Hence, f3, € Fy for every h € HP'J For each fixed h € H%Oj, also define the estimator
family

- 1<
Fun € argmin < = "l (f o h(Z:), Vi) + N2IBI3 ¢
feFn ni:l

such that fn Fproj = ﬁldge, and let (Qan,h, Bran,n) denote the corresponding parameters

As in (71), we decompose the estimation error of the target model into three terms
1598 0 RPT — a0
Zridge proj 7 proj
< Hf h fn hproJ h HPta,Q

A 1F2 foneg © P

(1) + (1) + (I11).

— fno h‘mHPth +|[fnoh

m a;ﬁaHPta,?

By Definition 3.1, (III) = €. To bound (II), first observe that

Btan so,m =, BSO mB;(_) mo ngéa,n SO mH2 < Cy.

The same identity implies f{, B mBsom = Béam' Hence, for every h € HErol

Hata n,h + ﬁta n, h (ata,n + /Béa,nhm)npta,

H/Btan so m( ;om h + Bsomhh - (aso,m + BSO,mh ))Hptm
Chi
< — H so m,h + Bso m, hh - (aSO,m + Bso,mhm)HPso,Qa

—n
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where the inequality follows from Assumption 3.3 and Lemma E.16. Moreover,

BeohP™ = By BE Beoh = Beoh.

~

By Assumption 4.3 (i), (&so, Bso) € Oso,m on the event under consideration and is therefore fea-

. .
v v
so,m,hProl so,m,hProl

sible in the source minimization defining (« ). Consequently, Assumption 3.1

(i) gives
||ga;0 m ‘}'Lproijs.O m.[,PTOj © hproj - gm S h’mHPsch S ||.\g/ © hproj - gm o hmHPSO,Z
= ”.\q/ © \fl —9m© hm”Pso,2

= OPso (580,m) . (77)

It follows that (II) = Op,, (dso.m/w,,)-
It remains to bound (I) uniformly over a high-probability source-side set. For each h € H%{Oj7
select
(@nsQn) € argmin [ (g+ Qhn)l oo

qe€RK, QeRK*K:
IQllsp<T/c

The source parameter restriction implies ||C§||Sp <7/a, so (q, Cj) is feasible. It also implies
HE’;gHsp < ¢~!. The minimizing property of (gj s Qfpro;) and Lemma 4.1, applied with

ag

”\}/Lproj - q]leroj - Q}Vzproj hm”Pso,2 S H\];JPI"Oj - (J—i_ éhm)||Psm2
= Op,,(0s0,m /)
- OPSO (6so,m)7 (78)

where the last equality uses that ¢ is fixed. For every € > 0, (77) and (78) therefore give a
constant M, < oo such that

lim sup PS()(\ﬁproj §é Hm,s) < &,

m— 00

where

Hm,s = {h S /Hrrg()j :Hga' B* oh— 9m © hmHPSO,Q < Maéso,my

so,m,h’ “so,m,h

||h - (Qh + thm)HPso,2 < Ms(sso,m} . (79)
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For every h € Hp, ¢, the selected source head belongs to G,,. Therefore, the first restriction
defining H,, . implies

min Hg oh—gmo hmHPsm? < Ms(sso,m-
gegm

Consequently, H, e C HEg%(MJso,m)

For each fixed h, the finite-dimensional parameterization of JF,, is pointwise continuous,
and every subset of ©,, is separable. Hence, the localized classes required by Lemma E.11
are pointwise measurable. We apply Lemma E.11 with H,, = H%Oj, h = ivlpmj, Fr=Fn,
fap = f;,h = f;’h, Tn = 1, the estimator family ﬁ%h defined above, Jn(fa,8) = ||B]]2, and

A = A5 Set My (f,h) := —Eeallia(f 0 M(Z),Y)], Mu(f, h) := =L S bia(f 0 h(Zi), Vi),

n

and d n(f, f') :=||f o h — f' o h| p,2. We next verify curvature directly around f2,. The

transported-head bound above and Definition 3.1 give

dso,m
sup Hf’r.z,h oh— a’jckaHPta,Q < CpMe—— + €ta,n-
hEHm, e Ln
Set
dso,m
én = — + €tan-
w

—n

For 6 > C; o9,, with a sufficiently large C, o and any f € F,, satisfying
§/2<||foh—fapohlp.2 <9,

the reverse triangle inequality gives ||f o h — af,||p.,2 > d/4. Let cr,cy > 0 denote uniform
constants in the lower and upper excess-risk bounds in the first condition of Assumption 4.1.
Then,

M (f,h) — Mn(fﬁ,h: h) < —cpl[foh— a:aH%Dm,z + CUqu;,h oh— a;ka”%ta,Q
<. 482,

~E&

where the last inequality follows by increasing C. ¢ if necessary. This proves (64).

The sample ridge estimator satisfies

Mo (Frns h) = A2 T2 (Fan) = Mu(fon h) — X2 T2(fo ),

33The event in Assumption 4.3 (i) has probability approaching one. For the formal application of Lemma E.11,

redefine 2P™ on the complement of this event as B;;’mBso,mhm € HP*) and define the corresponding ridge
estimator by the same criterion. These modified objects agree with the original objects with probability
approaching one, so this extension does not affect the claimed stochastic order.
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so (67) holds with zero approximation error.

We next verify the empirical-process modulus. For each h, let
Apyn = Shn + Nk

Let &1,...,&, be ii.d. Rademacher random variables independent of the target and source

samples, and define
1 n
Rn(a) = — Y &a(Z)
v i=1

for every measurable function a. For f,g € Fp, write Aa = a —af, , ;, and Af :=
B — B, .- For each fixed i and h, the loss-increment map evaluated between f, g0 h(Z;) and
b O h(Z;) vanishes at zero and is Cy ¢,-Lipschitz by the Lipschitz condition in Assumption 4.1.

Symmetrization and Lemma E.13, applied before enlarging the parameter set, yield

sup K, sup Vn }(Mn — M) (f, h) — (M, — Mn)(fr;,hv h)‘
heHm,s fefnidn‘h(f,f,;’h)<5
TIn(f)<6/An
<4Cp4a sup Egya sup IR, (Aa + AB'R)|
h€EHm,e fa,pEFn:|Aa+AB | P, ,2<6
>\7LHBH2<6 i
<4Cpta sup Eeya sup R (Aa+ ABR)| - (80)
hEHm,s (Aa,Aﬁ):HAa—t—Aﬁ’thmg<5
AnllAB+BE, . nll2<d i

The last inequality is the only step that enlarges the compact coefficient class. For every

increment in the supremum,
R (Aa+ AB'R) = Ep[Aa + ABRR.(1) + AB'R,(h — Ealh)]).

The first coefficient is bounded by ¢ by the Cauchy-Schwarz inequality, and E¢ ,[|9,(1)]] < 1.

For the second term,
DGR (h = Ealh))] < 4,13, 8812]| Ay X9 (b~ BxalB])
The variance identity gives
AB'Sh AB = Var(AB'R(Z)) < [|Aa+ AB'R|[D,, 5 < 62
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In addition, (76) implies
)‘TLHA/BHQ < AnHAﬂ + 6t.a,n,h”2 + )‘Tl”ﬁt.a,n,hHQ <o+ CIB)\n

Consequently,
1/2
143 ABll2 < 6+ A

Moreover, Jensen’s inequality and the Rademacher second-moment identity imply

Ee o |14 3B (h = Exal2])|l2
_ _ 1/2
< tr (Ahi\/,izh,nAh;\/j)
= N (n) /2.
It remains to control this effective dimension uniformly over h € H,, ..

Define 71, := h — ¢, — Qphm and uy, := 1, — Egy[rp]. Conditional on the source sample, g,

and @y are constant under Pj,, and

Shin = QnEhynQ) + Anom,
Ah,n = ]Eta [uhuﬁz] + QhEta[(hm - Eta [hm])u;z] + Eta[uh(hm - Eta[hm])l]Q;L

By Assumption 3.3 and (79),

sup ||rpllpa,e < M=
h€Hm,e Wy,

Because Ea|unll3 < Ecallral3, |Qullsp < 7/, and [[hm — Ealhin]ll P2 = tr(Sh,,0)"/2, the

nuclear-norm bounds in Lemmas E.14 and E.15 and the Cauchy-Schwarz inequality give

0, 2 5
sup [ Anall« <e (:’”) +tr(2hm7n)1/2%'

EHm,e n “n

Applying Lemmas E.18 and E.19 and absorbing the constants depending on @, now yields

55 m 2 tr(X n 1/25 m
sup Nh,n()\n) SE th,n(kn) + ( 0, /wn) + r()\2hm7 ) S0, /Mn’
hEHm,e n

dso.m /W, + (0so.m /W, 1/244(20 " 1/4
hs’}ip -/\/'h,n(>‘n)1/2 Sa th,n()\n)l/2 + ’ /7 ( : /)\ ) ( hm, ) .
EHm,e n
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Combining these bounds with (80) verifies (65) with

) ] 1/2 1/4
D (8) == (8 + An) <1 + Ny )2 + Oso,m /W + (5507mé\wn) £ (X ,n) ) :

This function is increasing, and ¢,(0)/d is decreasing, so the modulus requirement in

Lemma E.11 holds with £ = 1 < 2. Choose 4, to be a sufficiently large constant multi-

ple of
1+ Ny (An) Jso,m /Wy, + (5so,m/ﬂn)1/2 tr(zhm,n)l/4 ds0,m
————+t M+ + + €tan-
n \/ﬁ)\n w,,
Choose the multiplicative constant large enough that Cs), < &,. Then ¢,(0,) S v/ndZ,
On Ze 9, and

sup )\njn(f;ﬁ) < CgAp < Op.
h€Hm,e

Thus, the remaining requirements in (66) hold, and Lemma E.11 gives

(1) = 15, s © B0 = £ 1 0 0P 1,

= 0p (30 + MTaF2 )
= Op(0n).

Combining this result with (II) = Op(dso,m/w,,) and (III) = €, proves the theorem. O

F.11 Proof for Theorem 5.1

Proof. Step 1: Joint asymptotic linearity. We first establish (33). By the source bound
n (39), for every € > 0 there is a constant M > 0, depending on & but not on n, such that

P HV hj = gmoh ‘ < M >1-—
rP <1I§nja§XR 9500 = Gm O fm]l, o= M0sem | = 5T E

for all sufficiently large n. Since §; € Gy, the minimum source approximation error for 7‘Lj

satisfies

min Hgoﬁj—gmohm‘ §H§jo\ﬁj—gmohm‘

geg'm Pso,2 P5072 )

Thus, on the event in the probability bound, every Ej belongs to Hsom(Mdsom) by the
definition of the source near-identified set. The maximum in the source bound controls this

membership simultaneously over all embeddings. This event depends only on the source
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sample and pre-training randomness, whose law is the same for every P € Py ,. Hence, the
probability bound holds uniformly over P € Py ,. On this event, the triangle inequality and

the definition of f3,, give

~

max max || fo;0h; —aj < max max

fojohj—foino hj’

1<j<Roe{v,a} Pia,2 — 1<j<Roc{v,a} Pra,2
+ max sup mig}lb [foh— fom © hm”Pta»2
OE{%CY} heHso,m(M(;so,m) fe]:%"
+ max €oms
oe{y,a}
where the maxima range over j = 1,..., R and ¢ € {v,a}. For each fixed M and all n > Ny,

(49) bounds the middle term by max,e o} (M so,m/Von), uniformly over Pia € Potan. By
(40) and (41), the right-hand side is therefore op(n~'/4) uniformly over P € Py,,. Each A,
has Lipschitz constant at most one and ¢* = A, oaj. Since € can be arbitrarily small, applying

these prediction maps yields the nuisance-scale bound

_ ~1/4
o op(n ), (81)

PO .
’Aoofo7johj -0

12/SR o ()
uniformly over P € Py p,.

We next bound the effect of estimation error of the nuisance functions on the sample moment
at 6*. We first bound the population mean of the score error Aw;(IW) and then the deviation
of its sample average from the population mean. For the former, we use Assumption 5.1(iii).
By (43), all fitted nuisance pairs belong to N, with probability approaching one uniformly over
P € Pyy,. On this event, for each j, a second-order Taylor expansion around zero, together
with the population moment condition and Neyman orthogonality in (44), gives, for some
re (0,1),

Eta[w(W; 9*7 ;Y\jv a])]
1 62

= 5B [0 (W30%,7" +1(3; =), 0" +7(@; — "))

By (45), each fitted population moment is therefore bounded in absolute value by o(n~/2),
with the bound uniform over P, € Py tan and all nuisance pairs in N,,. Hence, this bound
applies simultaneously to all fitted population moments on the event in (43). Since that event

has probability approaching one uniformly over P € Py, and the true score has population
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mean zero, we obtain
e [Bra [ Ay (W)]| = mave [Bea (1736733, = op(n™ /%), (52)

uniformly over P € Py .

To analyze the sampling variation in the score errors, we first condition on everything
used to construct the nuisance estimators, including the pre-trained models, the partition,
the observations in 73, and the auxiliary pre-training randomness. By Assumption 5.1(i), the
functions Avy; and sample sizes are then fixed, while observations in each estimation sample
remain i.i.d. from P,. For each s € {1,2}, the symmetrization inequality in Lemma 2.3.1 and
the maximal inequality in Lemma 2.2.2 of van der Vaart and Wellner (2023), applied with the

Orlicz norm given by z — e — 1, bound the conditional expectation of

max
I<G<R

L E {A¢J( ) Eta[A¢J( )]} (83)
Jn
8 ieTs

by a universal constant times

log R || mav A0, (W)

Pta:2

To obtain this bound, let &;, ¢ € Z;, be independent Rademacher variables, independent of
all other randomness. All expectations below remain conditional on the quantities used to
construct the nuisance estimators. Write E¢ for expectation over the Rademacher variables,
K¢, for expectation over the target observations with the nuisance functions fixed, and E¢ ¢,

for expectation over both. Symmetrization gives

E%a
1<]<R

f Z {A;(W;) — Eqa[ Aty (W >]}u

f > GAY(W,

ZEIS

< 2E¢ ta [ max (84)

1<j<R

Denote the Orlicz norm given by x +— e — 1 under the conditional law of the signs, with the
estimation observations fixed, by || - || ,2_,. Hoeffding’s inequality (van der Vaart and Wellner,

2023, Lemma 2.2.8) implies

1/2
V6 (; > |A¢j<m>|2> . (85)

1€Ts

HrZa Wby (W,

i1€Z, 2

-1

633
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Since the Orlicz norm bounds the expected absolute value up to a universal constant, we

obtain
Be [1%82(3 Vs EZI&A% ]
< || max Z{z 1/1]
1<j<R \/>ZGI g
< Vlog(1l+2R) max Z &iAY; (W,
zGI 69”271
1/2
<
S Vg R (n 2 max [Ag; (W) ) : (86)

where the second inequality follows from the maximal inequality applied to the 2R signed sums
and the last inequality follows from (85), R > 2, and bounding each squared score error by the
pointwise maximum across embeddings. Taking expectations over the estimation observations

and applying Jensen’s inequality gives

) 1/2
Eta ( max |A (VVz)|2>

n 1<j<R
S iez, )=

1/2
< (Eta [ Z 1I<nja<XR|A¢J Wil ])

= || max, | A (W) o (87)
Combining (84), (86) and (87) gives the stated conditional expectation bound:
Eia | max, \/»ZEZZ {A;(Wi) — Ewa[A¢p (W )]}u
< VioR R |, | () (59
1<j<R Pia,2

By (46), the right-hand side of (88) is op(1) uniformly over P € Py ,,.

Conditional Markov’s inequality and Lemma 6.1(a) of Chernozhukov et al. (2018) therefore
imply that (83) is op(1) unconditionally. This conclusion is uniform over P € Py, since the
conditional expectation bound holds along every sequence of laws drawn from these classes,

and the lemma applies along every such sequence. Since there are only two estimation samples
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and ng/n il ms > 0 uniformly, the largest centered score average is OP(’I’L_l/ 2) uniformly over

J,s and P € Py,,. Adding the population bias in (82) gives

M;o(0%) :=ng' > (Wi 0%,5;,8;) Z¢ Wi; 0%, 7%, ) + op(n~ '), (89)
i€, % €T,

uniformly over j,s and P € Py,. Conditional on the partition, the leading term in (89)
has mean zero and variance J2V/n, < j2V/nS by Assumption 5.1(i) and (iii). Chebyshev’s
inequality and the sample proportion condition therefore imply that this average is Op(n_l/ 2
uniformly over s and P € Py ,,. By (47), all estimators lie in Uy, (P) with probability approaching
one uniformly over P € Py,. On this event, the segment between 6* and each (/9},5 lies in
U, (P). The sample estimating equations in Assumption 5.1(iv), the mean value theorem, and
(48) give

~Mjs(0%) = (J + 0p(1)) (0.5 — 07).

uniformly over j,s and P € Py,,. Evaluating the derivative bound in (48) at each é\jﬁ gives
max; s ]JAJS — J| = op(1) uniformly over P € Py . The preceding moment expansion therefore

yields (33), uniformly over j, s and P € Py :

05 — 0" = —<J +op(1)) 7 Mj4(6%)
=— Z O(W;) + op(n*/?).

ZEI
Step 2: Limiting distribution of the statistic. Define
1/2
Gp = Mmax {ns Z (Qij,s - %1,5)2} . (90)
I i€,

By Assumption 5.1(v), any/log R = op(1) and hence a,, = op(1), both uniformly over P € Py ,.

The reverse triangle inequality gives, uniformly over P € Py,

max \/ns Z ngs — \/ns Z %21,3 < ap =op(1). (91)

’LGIS ieIs

Combining (91), consistency of the variance estimators for the first embedding function in

110



Assumption 5.1(v), and the upper bound V <V gives, uniformly over P € Py,

Ns ZQ?j,s -V

max
> i€,

= op(1). (92)

By (92), the definition of 7} in (36), and the common lower bound V' >V > 0, we obtain,

uniformly over P € Py,

~2

— 1
Ving' +nyt)

max

nas =op(1). (93)

The bounds V >V > 0 and |J| > J > 0, (93), and consistency of the derivative estimators
imply that the probability that any o or :7;-,5 equals zero tends to zero uniformly over
P € Py . These are the stopping conditions in Algorithm 1, and therefore the probability that
the algorithm stops tends to zero uniformly over P € Py ,. We have shown Theorem 5.1(i).
Combining (33) and (93) with the sample proportion condition in Assumption 5.1(i) gives,

uniformly over j < k and P € Py,

~

ej,l - 5}6,2 — nfl EieIl Cb(Wz) - ngl EiEIQ d)(Wl) + OP(l) (94)
7k Ving' +ny")

By Assumption 5.1(i), conditional on the partition, the common leading term in (94) is a sum of
independent random variables with population mean zero and total variance one. To establish
asymptotic normality, we verify Lyapunov’s condition. On the event that ns/n > 7s/2 for

s € {1,2}, we have

9 24¢
W.
S SE PWs) 11,20, T,
s=1i€T, ns\/V(nyt+nyt)
nl—l—C + n2—1—C 2+¢

= O(n~¢/2),

’ o)
N

(ny T my Lre2

uniformly over Py, € Potan by (42). The sample proportion condition implies that this
event has probability approaching one uniformly over P € Py . Note that the bound for the
Lyapunov condition is uniform over partitions satisfying these sample-size bounds and over
sequences of target distributions. Applying Lyapunov’s central limit theorem conditionally on
the partition and then averaging over the partition therefore gives convergence of the leading

term to a standard normal variable uniformly over P € Py ,,.
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On the event that the algorithm does not stop, 7 defined in (37) differs from the absolute
value of this leading term by at most op(1) uniformly over P € Py, as shown in (94). By
the continuous mapping theorem and Slutsky’s lemma, together with the uniformly vanishing
stopping probability, 7 converges in distribution to the absolute value of a standard normal
random variable: suppep,  [Prp(T <t) — (20(t) —1)| — 0 for every fixed ¢ > 0, where
® denotes the standard normal distribution function. To obtain uniformity in ¢, we take a
finite grid of points starting at zero, independent of n and P, such that each interval between
consecutive points and the region above the last point has small probability under the limiting
distribution of 7. By monotonicity of distribution functions, the supremum error over ¢ > 0
is bounded by the largest error at the grid points plus an arbitrarily small error. Since

convergence at each grid point is uniform over P and the grid is finite, we obtain

sup sup [Prp(7 <t)— (2®(t) —1)] — 0. (95)
PPy, t>0

Step 3: Conditional bootstrap distribution. Define the stacked vectors

(Qij,l)iGIl
Vjk = s Vo ‘= V11-
(—¢ik2)icTs

For the Euclidean norm || - ||2, we have ||v;;||2 = 7% for j < k by the definition in (36). By (92)
and (93), the squared norms of all v, j < k, and vo, divided by V(nl_1 + n2_1), converge to
one uniformly in probability. Thus, with probability approaching one uniformly, the algorithm
does not stop and these norms are positive. On this event, the reverse triangle inequality and

(90) give uniformly over P € Py,

max Uk .t SQmaxiuvjk_UOH2
i<k || [lvjkllz  [lvoll2 || i<k |lvoll2
2ap, n1_1+n2_1
< — Op(an). (96)
llvoll2

Fix b € {1,..., B} and define
b
€0 ((fi( ))iEII>
(6" ier,

Its coordinates are independent standard normal variables, independent of the data, partition,
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pre-training randomness, and other bootstrap draws. Define

©._ &Y
’ [[vol[2

setting Zég) = 0 when ||vg]l2 = 0. On the event above, Z,SE) is conditionally standard normal

and (38) gives ’7;(5) = max;.j ]v;ﬁﬁ(b)\/ijng. Thus,

.
< Yik Yo > c®|
skl lvoll2

Conditional on all observed data, the partition, and pre-training randomness, the vectors vy,

7O | Zlgow < max (97)

i<k

and vy are fixed, while the coordinates of £®) remain independent standard normal variables.
All expectations in the following calculations are taken under this conditional law. Each
variable (vix/||vjkll2 — vo/|lvoll2) T€®) on the right-hand side of (97) is therefore mean-zero

Gaussian, with variance

T 2
E© < Uik Y > % :’
ikl [lvoll2

Since |z| = max{x, —x}, the maximum of the absolute values of the R(R — 1)/2 linear forms

2
Uik Vo

lvjkll2 vl

2

equals the maximum over R(R — 1) signed forms. For a mean-zero Gaussian variable, the
Orlicz norm associated with z — e*” — 1 is a universal constant times its standard deviation.
This norm also bounds the expected absolute value up to a universal constant. Applying

Lemma 2.2.2 of van der Vaart and Wellner (2023) to the signed forms therefore gives

.
E© max< ik Y0 > ¢®)
i<k [\ lvjell2  lvoll2
< VIog(1 + R(R — 1)) max || 2 — -
i<k ||llvkll2  [lvoll2 ],
< V/log Rmax L L
i<k |[lvirll2  llvoll2 ||,

Conditional Markov’s inequality, (97), and the preceding expectation bound now give, for
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every fixed € > 0,

pr(©) ()7;@ - Zﬁ( . 6) < g© H%@ y ZZE&)'H

£
1 Uy !
bt 53] ax( ik _ 0 > f(b)
=z i<k [\ lvjkllz2  [lvoll2
< VIouR [ v
e 5<k |[lvjiell2  llvoll2 ||y

o (0

. =op(1), (98)

where the Op bound follows from (96), and the final equality uses a,v/log R = op(1) from
Assumption 5.1(v) and the fact that ¢ is fixed. Both statements hold uniformly over P € Py .
These calculations apply on the event above, but its complement has uniformly vanishing
probability and hence does not affect convergence in probability. Thus, the conditional
probability on the left-hand side of (98) converges to zero in probability unconditionally and
uniformly over P € Py p,.

Along any sequence of laws whose nth member belongs to Py, (98), the conditional
standard normality of Z,Sf) on the event above, and the uniformly vanishing probability of its
complement imply convergence in probability of the conditional expectations of all bounded
Lipschitz functions of 7;(6) to their expectations under the absolute standard normal law. Since

the limiting distribution function is continuous, Lemma 10.11(i) of Kosorok (2008) gives

sup [Pr(T®) < 1) — 2®(t) — 1)| = 0p(1). (99)
t>0

This convergence is uniform over P € Py, because the sequence of laws is arbitrary. Combining

(95) and (99) by the triangle inequality yields

sup Pr(E)(ﬁ(g) <t)—Prp(T <t)| =op(1),
teR

uniformly over P € Py ,,. We have shown Theorem 5.1(ii).
Step 4: Empirical critical value and rejection probability. Finally, we show Theo-

rem 5.1(iii). Define the empirical bootstrap distribution function by

B
5O gy . L (©)
F'(t) =5 S T <t} (100)
b=1
Conditional on the data, partition, and pre-training randomness, the bootstrap statistics are
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i.i.d. by Algorithm 1. The Dvoretzky-Kiefer-Wolfowitz inequality (Theorem 11.6 of Kosorok
(2008)) therefore gives, for every € > 0,

Pr(®) (Sup ‘ﬁ}f’ (t) — PrO(T < t)) > 5) < 2exp(—2Bs?). (101)
teR

By (99) and (101) and B — oo,

sup | FP(1) = (28(1) ~ 1)| = op(1),

uniformly over P € Py ,, with no restriction on the relative growth of n and B. Since
the distribution function 2®(¢) — 1 is strictly increasing, applying Lemma 21.2 of Van der
Vaart (1998) along every sequence of laws whose nth member belongs to Py, therefore gives,

uniformly over P € Py,
A9 L 11— a)2). (102)

Since the distribution function 2®(¢) — 1 is continuous, combining (95) and (102) by Slutsky’s
lemma, as in the proof of Lemma 23.3 of Van der Vaart (1998), yields the uniform size

conclusion by the same sequence argument:

sup ‘Prp (7' > c(lf_)a> — a‘ — 0.
PePo,n

This completes the proof of Theorem 5.1. O

F.12 Proof for Theorem 5.2

Proof. On the event in (51), every j;-’s is nonzero, and (35) gives

> 0.

s 2ier, V(Wi 055,75, ;) - Ccy
Z Qijs =

ns(ns — 1).J? ~ (ns —1)J?

1€Ls 7,8 7,8

Thus, every 7 is positive by (36). Assumption 5.2(i) therefore implies that the probability
that the algorithm stops without a test decision tends to zero uniformly over P € Pgep -
Conditional on the data, partition, and pre-training randomness, and on the event that

the algorithm does not stop, each standardized difference

Zz‘ell fz'(b)%'j,l - ZZEIQ f,-(b)qz‘m

O'jk
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in (38) has a standard normal distribution for every 1 < j <k < Rand b=1,...,B. The
Gaussian tail bound (Wainwright, 2019, Example 2.1) and the union bound over R(R — 1)/2

terms therefore give, for every t > 0,
PrO(T9 > 1) < R(R — 1) exp(—2/2). (103)

If the empirical (1 — a)-quantile exceeds ¢, then more than a fraction a of the bootstrap draws

exceed t. Thus, conditional Markov’s inequality and the bound in (103) give

1
PrOY, > 1) < —PrO(7 > 1)
R(R—-1
< RR-1) exp(—t2/2). (104)
a
This bound also holds on the stopping event by the zero convention. Taking t = K+/log R
for K > 2, the right-hand side is bounded by a_122_K2/2, since R > 2. Taking unconditional
probabilities and then letting K — oo, we have cgg_)a = Op(+/log R) uniformly over P € Pyepn
and over all B > 1.
The triangle inequality gives
max 10,1 — Or2| > max 0%, — 0f .| — 2max |6, , — 6]

]7n|.

)

By (52) and (53) and 7, = o(Ay), the right-hand side is at least A, /2 with probability

approaching one uniformly over P € Pgep,n. On this event, if the algorithm does not stop,

T S A, _/nd, 1
Vieg R — 2+/log Rmax;, 0ji - VIog R2y/nmax;< o)

By Assumption 5.2(ii) and (iii), the first factor on the right-hand side diverges, and the
denominator of the second is bounded in probability uniformly over P € Pgep . Since the
algorithm does not stop with probability approaching one uniformly, the inequality above
shows that 7//log R diverges in probability uniformly over P € Psep . Consequently, for
every fixed K > 0, suppep, , Prp(T < Ky/log R) — 0. Finally,

Prp(T < c{¥.) < Prp(T < K\/log R) + Prp(cl®), > K\/log R).

Taking the supremum over P € Psep n, letting n — oo, and then letting K — oo completes
the proof. O
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G Proofs for the Appendix

G.1 Proof for Lemma E.1

Proof. The assumed square integrability of the composed predictors implies that their condi-

tional expectations and the products in the following expansion are integrable:

inf E [(f oh(Z) = fno hm(Z))ﬂ

feFsub
= i B [(]E [ © han(Z) | R(Z)] = fu © hun(Z) + f 0 h(Z) — E[fn 0 hin(Z) | h(Z)})ﬂ
=B [Var (fo © hn(2) | (Z))] + inf E (B [fu 0 hin(2) | H(2)] = [ o 1(Z))?] |

where the last equality follows because the conditional mean of f,0hy,(Z2)—E[fnohm(Z) | h(Z)]
given h(Z) is zero, so the cross term vanishes by the law of iterated expectation. O
G.2 Proof for Lemma E.2

Proof. The sigma-field inclusion implies that each coordinate V; is measurable with respect to
mp. By Proposition 2.12 of Folland (1999), there exists a o (U )-measurable random variable
‘N/j such that ‘N/J =V}, P-as. For each j =1,...,q, Theorem 4.2.8 of Dudley (2002) yields a
measurable function I'; : &/ — R such that 17] =TjoU. Hence, I' = (I'y,...,Ty) : U - R is
measurable and satisfies V = T o U. Since V = ‘7, P-a.s., the result follows. O

G.3 Proof for Lemma E.3

Proof. See Farrell et al. (2021), Lemma 8. O

G.4 Proof for Lemma E.4

Proof. The assumed Euclidean-norm bounds imply that

sup | fe(2)|,sup | fi(z)| < M,  t=1,...,T.
z2EZ 2EZ

The constants ¢z, and ¢y can therefore be derived as in Lemma 9 of Farrell et al. (2021).

It remains to verify the Lipschitz constant. For v € R”, define

pelu) == exp(ut)

= = . t=1,...,T.
1+ Y7 expluy)
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Write p(u) = (p1(u),...,pr(u))". Fory =1,...,T, let e, € RT be the y-th standard basis

vector, and let er;; = Op. Then,
Vil(u,y) = p(u) — ey
Fory=1,...,T,

IV1e(u, )5 = (1 = py(u)* + > pj(u)?
J#Y

where the first inequality follows from p;j(u) > 0 and the second inequality follows from
> iy Pi(w) < 1—py(u). We also have ||[Vil(u,T +1)[[2 = [[p(u)|l2 < 1. The fundamental

theorem of calculus and the Cauchy-Schwarz inequality now give

[6(f(2), y) — £(a(2),y)| < sup [[Vil(a(2) + 5(f(2) — a(2)), y)ll2llf(2) — a(z)ll2

s€[0,1]

< V2| f(2) - al()]2.

G.5 Proof for Lemma E.5

Proof. For each k =1,..., K, let {hy;:j=1,..., N} be an ¢/ K-covering set of H; with
respect to the norm L*(Q), where Ny = N (e/K, Hi, L*(Q)). Then, for every h € H, there
exists ji € {1,..., N} such that |hy — hyj, ||2,0 < /K for each k =1,..., K. Thus, we have

K

1B = (Pjus o b2 < O e = i llag < K - (e/K) =e.
k=1

Therefore, the set {(h1,,...,hi )k =1,..., Ny, k=1,..., K} forms an e-covering set
of H with respect to the norm || - ||2,¢, and its cardinality is HkK:1 Nj. This completes the
proof. O
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G.6 Proof for Lemma E.6

Proof. Let {h; : j = 1,...,Ng} be an €/(2Lr)-cover of H. For each j, let {fjr : k =
1,...,N;} be an £/2-cover of F under LQ(th). For every foh € F oH, choose h; and f;

from these covers. The triangle inequality and the Lipschitz property give

Ifoh = fikohjllzg < Lrlh = hjllzq + I = fikllz.qn, <e&

Thus, {fjxoh;:j=1,...,Ng, k=1,...,N;} is an e-cover of F o H. Therefore,

Ng
2 . < 2 € 2
N (e, FoH, L*(Q)) < ;NJ <N (2L;’H’L (Q)) sup N (5.7 L2@m) -

G.7 Proof for Lemma E.7
Proof. For every discrete probability measure ) and every h € H,,, define
don(f.9) =foh—gohlge.

For every h € H,, and f € B, ,(6),
v (M, — My) (f,h) = (M, — My,) (f 7)) = Ga <mf,h - mf;,h,h> :

Hence,

sup  V/n ‘(Mn — M) (f,h) — (M, — M) (f;,ha h)’ = ||GnHMn R(8)
JFE€Bn 1 (9) ’

Fix h € H,, and let Q be any discrete probability measure. Let (), denote the image of Q
under h. For every f, fE By, 1(6), the Lipschitz continuity of £ implies that, for every (z,y),

mpn(z,y) = mp, (20| = [0 o hz),m) = € (Foh(2),y)| < Co[f o h(z) = Fonz)] .
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Hence,

[ (o= m5z) = (7= sz ) o, = s =7,

<afsen-reil,,

= Cudgu(f, f)- (105)

Define the normalized class

. las
Mn,h(é) = { it : Lair € Mn,h(é)} :

20, M
We have
N (2/2CeM), My (9), L2(Q)) = N (£, M (9), L2(Q))
< N (e/Cp, Byp(6), dg,n)
<N (e/Cy, Fn,dgp) (106)

where the first inequality follows from (105) and the second inequality follows from the fact
that By, ,(6) C Fy. By the definition of Qp,

don(f9)=foh—gohlgz2=|f—9lo,e-

Also, for every Laig = mypp —myx p € M, 1 (6) with f € By, 1(6),

[aier (2, y)| < Ce|[f o h(2) = frp o h(2)|, < Cellf o h(2)lly + Ce | frn o h(2)|,
<20,M.

Hence, ./f\/lvmh(é) has an envelope function equal to 1, and, for every Zdiﬁ‘ = (mﬁh —mys h,h) /(2CeM) €
/f\\/l/mh(é), the Lipschitz continuity of ¢ implies that

7 1 2
Pﬁdiff = 4C£2M2P (mf,h — me;’Mh)

1
= A2 Hf oh—fano h“iz
52

<74M2'
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Because B, ,(6) is pointwise measurable by Lemma E.8, there exists a countable subset
B27h(5) C By 4(6) such that every f € By, 5(6) is the pointwise limit of a sequence in Bg7h(5).
Since h is fixed and £(-,y) is continuous on R” for every y by Lipschitz continuity, the
class M,, 5 (8) is pointwise measurable. Multiplication by (2C;M)~! preserves pointwise
measurability; thus, ./Wnyh(é) is pointwise measurable. Because the map x — 22 is continuous,
the classes Mih(é) and Mih(é) are also pointwise measurable. Therefore, these classes are
P-measurable. Theorem 2.14.2 in van der Vaart and Wellner (2023), applied to //\\/l/mh(é) with
local radius 6/(2M), implies

ErGallgi, 0 S 7 (6/(2M), My (O)11, Lo
J2 (5/(2M),]\Zn,h(5)|1,L2)
(6/ M)/

+

Next, for any discrete probability measure @’ on the domain of F,,, we have

J (6/(20), Mys(9)]1, Lo

8/(2M) _
= sup/ \/1 + log N (E, M, 1 (6), LQ(Q))dE
Q Jo

8/(2M)
< sup / 1+ log N (2Me, F,. dgp)de
Q Jo

6/(2M)
< Sup/ V1+log N (2eM, F,,, Lo(Q'))de
Q" Jo

1
= §J(5/M,.7-"n|]\47 Lo),
where the first equality follows from the definition of the uniform entropy integral, the first
inequality follows from (106), the second inequality uses the fact that every image measure Qp

is a discrete probability measure on the domain of F,,, and the last equality uses the change

of variables u = 2¢. Moreover,

Ep [|Gnllam, ) = 2CeMEP |Gl 57, , 5) -

Combining these bounds yields

M?J?(6/M, Fy|M, L
Ep Gnll p,, ) S MCe <J (6/M, Fp|M, Ly) + 8/ | 2)) '

32 /n

Taking the supremum over h € H,, completes the proof. O
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G.8 Proof for Lemma E.8

Proof. Let F° C F be a countable subset such that for every f € F, there exists a sequence
{fi}52, in FO such that ||f;(z) — f(x)|]2 — O for every z. Pick an arbitrary f € B(J).
We have P|f — f*||3 < §%. The continuity of the squared Euclidean norm implies that
I fi(x) — f*(@)3 = [|f(x) — f*(z)||3 for every z. Moreover, since ||f;(z)|l2 < F(z) and

|f*(@)]l2 < F(z), we have ||f;(z) — f*(2)||3 < 4F(z)?. Since PF? < oo, applying the

dominated convergence theorem to the scalar functions | fj(z) — f*(z)||3 yields
Pllfy = £l = PIIf = f7ll < 6%

Therefore, f; € B(0) eventually. Hence, every f € B(¢) is the pointwise limit of a sequence in
the countable set F° N B(§), which proves that B(§) is pointwise measurable. O

G.9 Proof for Lemma E.9

Proof. For V(F) > 1, apply Theorem 2.6.7 in van der Vaart and Wellner (2023). If V(F) =0,
all functions in the nonempty class agree pointwise: two different values at any point would
allow their subgraphs to shatter a singleton. Hence the covering number is one, and the

displayed bound also holds. O

G.10 Proof for Lemma E.10

Proof. The proof follows the structure of Lemmas 3.2.5 and 3.4.1 in van der Vaart and Wellner
(2023), with additional care required for the pre-trained estimator F and local curvature T
Suppose that M, (J/C;L,FL’ 71) > M, (fm,vl, ?L) — R, for some R,, = Op (5721) For every h € H,,
and j € N, define the following sets, called “shells”™

Snhg = {f € Fn: 27 0100 < dpp (f, i) <277, '0n}
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Because d,, j, (-, f;h> > 0, it suffices to show that for every € > 0, there exists an integer J,

possibly depending on € but not on E, n, and m, such that

limsup P (dn,ﬁ (fn,ivz’ f:ﬁ) > 2‘]7';15”)

n—oo

< limsup P fnﬁ € U Snﬁj

— .
n—00 Ny

< lim supz P (]/l;ﬁ € Sn,ﬁ,j’ R, < 2J57%, he Hm,g)

n—oo

J>J
+limsup P (R,, > 2762) + limsup P (\f/L ¢ Hm,a)
n—oo m—r0o0

< 3e.

The second term on the right-hand side can be made arbitrarily small by choosing J large
enough since R, = Op (52) The third term on the right-hand side is less than or equal to ¢
by the assumption on H,, .. We will show that the first term on the right-hand side can also
be made arbitrarily small by choosing J large enough.

Take h € Hype and f € Sy, p 5. By (61), if 207718, > 7.71C 06

., OF equivalently 276, >
C:00,,, then

n

Mn(fv h) - Mn (f*J” h) Sg —22]57%

Now consider M,,(f, h) — My, (fn,n, h). Add and subtract M, (f;h, h) to get

Mn(f, h) - Mn (fn,ha h)
= Mn(fa h) - Mn (f:;h’ h’) + Mn (f;ha h) - Mn (fn,h7 h’)
< —2%C 167 + My (f o h) — My (frns ) -

By (63), the second term is bounded above by a constant multiple of 6. Thus,
Mn(f7 h) - Mn (fn,h; h) S _22jce,1(572L + Cs,25721-

Thus, for every j > J with sufficiently large J, we can bound

My (f,h) — My (fan,h) Se —2%62 for every h € Hye and f € Sy . (107)
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Define the empirical process G, (f, h) = /n (M,, — M,) (f,h). Then,

G (1) . 167

Gt (7 F) 0 (1)) 3 () - 30 (1,5

The first term on the right-hand side is bounded below by the approximate maximization
property of ﬁz,h:

it () 0 ()] 2 i

Suppose that the event he Hum,e and f; €S, J,.j occurs. The second term on the right-hand
side is bounded below by (107),

M (B ) Mo (1,50T)] 22 V22
Combining these two bounds, we have

G (fnﬁ,ivz) Gy ( fnﬁ,ﬁ) > \/i(Ce32%62 — Ry) it h € Hye and [ 5 €5,
Thus, by the set inclusion, we have for every j > J with sufficiently large J,

P(F,5 € 8,50 R < 270200 € Hun)

fES"’;w.

< P* ( sup Gn (fa ;/l) - Gn (fn’ﬁv\I%) 25 \/’7122j572m\ﬁ € Hmﬁ)

< sup P | sup Gu(f,h) =Gy (fun h) 2 vVn276; |,
heHm,e fesn,h,j

where the last inequality follows because h is independent of Gy, (f,h) — Gp (fun, h).
By Markov’s inequality, the main term on the right-hand side is bounded above by a

constant multiple of

sup E| sup |Gn(f,h) — Gy (fan h)|| /(v/n2%52)
h€Hm,e fE€Sn,h,j
<. sup E sup Gn(f.h) = Gy (fip, B)|| /(V/n2%6%)  (108)
h€Hme | feFnidnn(f.7 ) <270 on
+ swp E [|Gn (f502h) = G (fap, h)|] / (V2% 57), (109)
S m,e
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where the inequality follows from the triangle inequality and the definition of S,, 5, ;. By the mod-
ulus bound in (62), the first term (108) is proportionally bounded above by ¢y, (27F'7,716,) /(1/n2%752).
To bound the second term (109), note that d,, 5, (fn,h, . h) <c 7, 10, since either d,, p, (fn,h, I h) <

T;lcaoén ordpp, (fmh, f::h> > Tgng’oén holds. For the former case, we have d,, 5, <fn,h7 f;:h> Se
7,16, directly from &, >. 8,. For the latter case, apply (61) with § = d,, 5, <fn7h, f;‘;h> to get

My, (frnsh) = My (F2 s h) Se —72dun (fans Fin)?-

By (63), the left-hand side is bounded below by a constant multiple of —§2. Thus, —62 <.
2

—72dy <fn,h, f;‘;h> , which implies d,, , (fn,h, I h) <. 7, 16,. We can apply (62) to bound

the second term (109) proportionally by ¢y, (7, 16,) /(1/n2%762) since ¢y,(6)/6% is decreasing.**

Combining these bounds, we have

¢n (2j+17_7;15n)
N2

P (fn,ﬁ €8, 50 n <2700 h € ’Hm,5> Se

Using the properties of ¢,, in (63), we have

_ Ga(mten) 28 1
~E/ne2 2029 ~° 2029

P (ﬁl,\ﬁ € Sn,\l;,j’ RTL S 2J53L,}/L S Hmyg)

where the first inequality follows from the decreasing property of § — ¢,,(4)/d¢ and the second
inequality follows from ¢y, (6,/7n) Se v/nd2. Recall that <. means that the constant in the
bound may depend on € but not on 77,, n, m, and j. Therefore, by summing over j > J, we

can take J not depending on }/L, n, and m such that the right-hand side of

~ v 1
: J 52
117ILILS£I) Z P (fnﬁ S Sn,FL,j’ Rn S 2 67” h S ng) <5 Z m
>J i>J
is arbitrarily small. This completes the proof. O

G.11 Proof for Lemma E.11

Proof. The proof follows the structure of Addendum 3.4.7 in van der Vaart and Wellner (2023),

with additional care required for the pre-trained estimator h and local curvature Ty. For every

341f we have dn,n (fn,h7 f;h) < 05,47';16n for some constant C. 4 < 1, the bound follows directly from (62).
If Cc,4 > 1, apply the decreasing property and get ¢y, (05747-,71571) < C§,4¢n (Tglén).
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h € H,, and j € N, define

Sning = {(F,N) € Fou x [An,00) 12297262 < 22d,,, (f, F1)° + N T2(f) < 2962,
22J}\2jn2<fn,h) < Tnan,h (fa f;,h)z + Ang(f)}

for some large enough integer J to be specified later. We show that for every € > 0, there

exists an integer J such that

~

~ 2 <
lim sup P <ngnﬁ (fnﬁ’f;E) —i—)\iﬁjﬁ (f B) > 22J572;, ’

n?
n—00

<timsup P ( (£33, 1) € U Suisdui (T 25) = 7 CooBis Xy = A

n—oo

<e. (110)

For simplicity, we assume that M, (]/";L,vl, E) —M, (fn’}vl, \ﬁ) > Xiﬁj,? (ﬁz,ﬁ) _Xi,ﬁjg (fnjl> —
2762 for some large enough integer .J, which holds with arbitrarily high probability by
My (F50) =M (£, 50) 232,92 (F,5) = 32,92 (£,5) - Op (62), and that o € Ho.
which holds with probability at least 1 — & by the assumption on ’Hm,s.‘;o

Take (f,A) € S with duy (£, £75,) = 7 'Ceiody. Apply (64) with 6 = du (/. f55) t0
get

Mo (fh) = My (fipsh) Se —72dun (F, f10)°

3Let R, > 0 denote the optimization-error remainder, with R,, = Op(62), as in the proof of Lemma E.10.
Take J large enough that limsup,,_, P (Rn > 2"(5721) can be made arbitrarily small and the proportional
bounds hold. The remaining probabilities in the proof can be evaluated after intersecting with the event
{R, <2762, h € Hm}.
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Then, for every j > J with sufficiently large J, we can bound

My (f,h) = My (fans h) = N T2(f) + N2T2 (fun)
= (Mn(fa h) - Mn (frt,h? h)) + (Mn (f;;,ha h) - Mn (fn,ha h)) - )‘2~77~%(f) + )‘2\77% (fn,h)
< —72Ce1dnpy (f, i) + Cend2 = N2T2(F) + N2T2 (fun)

< —(2dnp (f, fi0)" + N2T2(N)) (min{Cey, 1} — 2727) + C. 062
< —(2¥2(min{C. 1,1} — 2727) — C. )42
<o 24682 (111)

where the first equality follows from adding and subtracting M, ( . h>, the first inequality

follows from the above display and Mn( ;’h,h> — My (fan,h) Se 02 in (66), the second
2

inequality follows from 22J)\257n2(fn,h) < T,%dn’h (f, fn h) +A272(f) in the definition of S s

: 2
and the third inequality follows from 2%7262 < 72d,, ), (f, ;lk’h) + A272(f) in the definition
of Sn,h,j-

~

Define the empirical process G, (f, h) = v/n (M, — M) (f,h). Suppose that (f ,\ ;)€
Suiy with d 5 (F 50 075) = 7t Copd, and X, 5 > Ay Then,

> /nC. 32262 — \/n2752,

where the first inequality follows from the approximate-maximization property of (J?n,m th)

in (67) and the second inequality follows from (111). Here, for large enough J,

P (Gu (F,5:7) = Gu (f,57) = VCeis2282 — V/n2'62)
_p (Gn (ﬁlﬁ,ﬁ) ~ G ( fm,;,ﬁ) >, \/52%57%) .

Also, (F, 52, 5) € S5, with A, > A, implies that d, ; (f,7,/7;) < 27,16, and
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~

TIn < fn E) < 296, /An. Thus, by the set inclusion, we have

~ ~

P (B Aui) € S i (o £17) 2 7 Coodas M 2 M)

) )

<P sup (G (£:7) = Gu (£,5:7) ) 22 V2932
feFud, (£, ;) <27 bu,
TIn(f)<276n/An
< sup P sup (G (f, 1) = G (fans 1)) Ze V2%,
h€Hm,e fE€Fnidn n(£:17 ) <2970  on,
Tn([)<260/An

By Markov’s inequality, the main term on the right-hand side is bounded above by some

constant depending on € times

sup E sup G (1) = G (fap: W)I| /(P27 67)
h€Hm,e fe]:n;dmh(f,f;h)gzjil(;m
Tn(£) <2760/ An
< sup E sup ‘Gn (fa h) -Gy, (f;,hv h) ‘ /(\/522]5721) (112>
h€Hme | feFpidnn(f.f5 ) <270 60,
Tn(£) <2760/ An
+ Sup E [|Gn (finh) = Gn (fan, h)|] /(V12%762). (113)

m,e

By the modulus bound in (65), the first term (112) is proportionally bounded above by
én (27717,716,,) /(v/n2%762). To bound the second term (113), note that dy, (fmh, f;;h) <
7710, and i, (fa.n) < 6n/An by (66). Apply (65) to bound the second term (113) proportionally
by ¢ (1, 105) /(v/n2%62). Combining these bounds, we have

¢n (2j+17.7;15n)
Vn2%46;

The remainder of the proof proceeds as in the proof of Lemma E.10, using the properties of

S N
P((FiAi) € S (P £5) 2 7" Cuods X, 5 2 n) S
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¢n in (66) and taking J large enough. We obtain (110), which implies that for large enough J,
lim sup P (Tndn i (]/‘;L W f: 71) > 2/ max {(5n, /):n 7 Jn (fn 71) } ,
n—o00 ) ) N ) )
d, (fn,}év f;ﬁ) > Tn_lcs,oémxnﬁ > )\n> <e
since XZ,EJ"Q (J?nﬁ) >0. As 6, 2 0,,, we can take J large enough that 276, > C:09,,- Hence,

the event in the next display implies dn,ﬁ (ﬁlﬁ, f:;ﬁ) > 7',?16’670@“7 and we obtain

lim sup P <Tndn’7l (ﬁz,ﬁ’ f:ﬁ) > 27 max {5,1,&77#7” (ﬂzﬁ)} ,Xn]l > /\n> <e.

n—o0

Thus, on the event {Xn 7 > An}, we have

Tud, (fnﬁ, f;J) — 0p(1) (5n + 2T ( fnﬁ)) .
This completes the proof. O

G.12 Proof for Lemma E.12

Proof. Pick an arbitrary ¢ > 0. By the assumptions, there exist constants Cz1 > 0, Cc 2 > 0,
and C¢ 3 > 0 such that

sup dn,h (fn,hv f;,h) < CE,lén7 (114)
h€Hm,e
sup sup My (f h) — My (fiph) < —Ceari6?, (115)

h€Hm.e feFn:6/2<dp n(f.15 )<

and
Mn (f;,m h) - Mn (fn,ha h) < Cz—:,Bdn,h (fn,h> f;;,h)2 (116)

for every h € Hyp e Set

CE,O = 0571 max {4, A /320573/0572} N

which depends on e but not on n. Pick arbitrary § > 7, 1C.0d,,, h € Hum., and f € F,, such
that /2 < dpp, (f, fu,n) < 0. By the choice of C. g, (114), and 7, < 1, we have

dn,h (f7 fn,h) > 5/2 > an,h (fn,ha f;,h) ) (117)
dn,h (f7 fn,h) > 5/2 > \/ 80&,3/05,2 Tyl_ldn,h (fn,ha f;,h) . (118)
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The reverse triangle inequality and (117) imply

dn,h (fvf;,h) > dn,h (f?fn,h) nh (fnhyfnh) > 2dnh(f fnh) (119)

Adding and subtracting M, ( I h,h), applying (115) with shell radius d,, j, ( 1, f;7h>, and
using (116), we obtain

My (f,h) = My (fap h) < =Cear2dan (F. £rp)” + Cesdun (fans Fin)?
~(Cen/A) T2 g (. fun)? + Cesdun (fans fin)?
< —(Ce2/8)72dup (fs fan)?

< —(C.2/32)726%,

IN

where the second inequality follows from (119), the third inequality follows from (118), and
the last inequality follows from d,, 4, (f, fn,n) > 0/2. Taking the supremum over the stated
shell and over h € H,, . proves the result. O

G.13 Proof for Lemma E.13

Proof. 1f Ly = 0, the Lipschitz condition and ¢;(0) = 0 imply that ¢;(u) = 0 for every u € R
and every ¢, so the conclusion follows immediately. Suppose henceforth that Ly > 0. By

the contraction inequality (Ledoux and Talagrand, 1991, Theorem 4.12), for any contraction

¢0,i : R = R, we have
< 2-E |sup .
ueU

For a Lipschitz function ¢; : R — R with Lipschitz constant Ly, we can define ¢g;(z) =

Z £2¢0 i Uz

sup
ueU

Z §iu

¢i(x)/Lg, which is a contraction. Then,

n
SUB Z£l¢z u; ] =Ly -E |sup Zﬁiﬁbo,i(ui)]
ue —
<2L4-E |sup Z{zuz .
ueU i—1
This completes the proof. O
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G.14 Proof for Lemma E.14

Proof. The inequalities directly follow from Theorem I1.3.9 of Stewart and Sun (1990). The

Frobenius norm || - || and the spectral norm || - ||sp are unitarily invariant (Stewart and Sun,
1990, p. 74). The nuclear norm || - ||« is also unitarily invariant (Horn and Johnson, 1994, p.
211, Problem 5). O

G.15 Proof for Lemma E.15

Proof. By the singular value decomposition, we can write A = ocuv’ for some o > 0 and unit

vectors u and v. Then, ||Allx = ||A||r = ||Al|sp = o since A has either one nonzero singular

value ¢ or no nonzero singular values. Also, \/tr(4’A) = \/tr(c2vu/w’) = /o2 tr(vv') = o
since v and v are unit vectors. 0
G.16 Proof for Lemma E.16

Proof. By the definition of the Lo(P) norm,

HAGH%Q—/HAa(v)IBdP(v) S/HAHSpHa(v)H%dP(v)— 14113 llall5.

where the inequality follows from ||Aa(v)|l2 = ||Aa(v)||F and Lemma E.14. This gives the

desired inequality after taking square roots of both sides. O

G.17 Proof for Lemma E.17

Proof. By Harville (2008), Theorem 20.5.6, the Moore-Penrose inverse from the singular
value decomposition A = UX V" is given by AT = VXTU’, where ¥ is the singular value
matrix of A and ¥ is the Moore-Penrose inverse of ¥ obtained by replacing each nonzero
singular value o with 1/0 and leaving the zero singular values unchanged. Hence, we have

AT ||lsp = |12 F|lsp = 1/0 L, (A) as the spectral norm is equal to the largest singular value. [

G.18 Proof for Lemma E.18
Proof. By the definition of N4(\), we have
Nz(A) = Na(¥)
= \2tr ((A F A2 - (A + )\21)_1>

=2tr ((A+ 207N A - A)(A+ 207,
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where the second equality follows from the matrix identity X ' — Y1 = Y=}V — X)X~ for
any invertible matrices X and Y.

We bound the absolute value of the above expression:

)\2

tr ((K+ N2 U(A — A)(A + )\QI)_1> )

< N(A+X21)"HA = A)(A+ 22D,

< N(A+ MDY |spll A — Al )[(A+ X))
< A - Al /N2,

where the first inequality follows from the singular value decomposition of (A + A2I)~1(A —
A)(A+N2I)~1, the cyclic property of the trace, and the fact that the matrices of left and right
singular vectors are unitary, the second inequality follows from applying Lemma E.14 twice,
and the last inequality follows from |[(4 + A2I)7!||sp < 1/A? for any positive semi-definite
matrix A. O

G.19 Proof for Lemma E.19

Proof. Define Q* = Q//max{1, ||QH§p} Then [|Q*|lsp < 1 and
QAQ' = max{1, |QII}Q"AQ".
Since ||Q*|lsp < 1, we have Q¥Q* < I. Therefore, for every = € RXK,
2 AV2QY QA 2y < ! A

Hence, AY2Q¥Q*A'/? < A, and by the order-reversing property of the matrix inverse for

positive definite matrices,
(A+ 22171 < (AV2Q7Q AV A2T)L,
Since Q*AQ* and A'/2Q*Q*A'/? have the same nonzero eigenvalues, we have
NQ*AQ*’()\) = NA1/2Q*’Q*A1/2()‘)'
Using the identity

NaQA) =tr (I =XN(A+ X)) =K - Nt ((A+ X)),
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we get
Ng-ag-(\) = tr (1 — A2(AV2QY QA 4 )\21)*1) <tr (1= N2(A+X2D)7Y) = Na(N).
Finally, let 1, ..., ux denote the eigenvalues of Q* AQ*. Using the definition of Q*, we obtain

Naoag' () = Muax{ujQI2, 10+ 4@+ (M)

K
— Z maX{1> ”Qng}:u]
K

g
< 1 2
= max{ s HQHsp} 11+ 22

j=1
= max{l, HQHS}J}NQ*AQ*/()\)
< max{1, [|Q[I2,}JNa(N).

This completes the proof. O

H Multimodal Transfer Learning

In applications, the economist may have access to several pre-trained models, each trained on
a different modality. For example, a computer scientist may train a CNN on images and a
transformer on text, after which the economist uses both learned embeddings as inputs to a
target model. This section extends our transfer-learning theory to this multimodal setting.

Let r =1,..., R index the modalities, where R is fixed as the sample sizes diverge. For
each r, write m, = m;, and suppose that m,, — oo as n — oco. The target observations
satisfy

(Yi, Zo,is Z1is- -, ZRy) ~iiid. Pras i=1,...,n,

where Zj; denotes the structured covariates and Z,; € Z, denotes the unstructured input
for modality r. Write Z; = (Zo4, Z14,--.,Zr,i). The structured covariates may be low- or

high-dimensional. For each modality r, the computer scientist observes a source sample
(ST’,j7 Zr,j) ~i.i.d. Pso,m i=1....,my,

where the modality-specific source samples and the target sample are mutually independent.
Let P denote the joint distribution of these samples, and let E,, denote expectation under
Pso,r-
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Let lgo, be the source loss for modality r, and let G, ,,, and H,,,, be the corresponding
classes of source heads and embedding functions. For each modality, define the set of population

source-risk minimizers by

Rr,mr = arg min Eso,r[gso,r (gr o hr(Zr); ST’)] (120)
gregr,mryhTEHr,mr

For each modality r, let

~

5 : 1 -
(97‘7 hT) < arg mn m. Z éso,r (gr o hr(Zr,j)7 Sr,j)- (121)
9r€Grmy hr €EHp m,. THr =

Thus, \f/L,« is the pre-trained embedding estimated from the modality-r source sample.
Define m = (my,...,mg) and Hy = Hle Hrm,. For every multimodal embedding
h=(h1,...,hR) € Hm, define

(foh)(Z):= f(Zo,h1(Z1),...,hr(ZR)).

After introducing the multimodal representation, we define the population target-risk

minimizer correspondence. For every h € Hyy,, let

FSUb(h) = argmin B¢, [lia((f 0 h)(Z),Y))]. (122)
fe]_";ilub
Given the estimated multimodal embedding h= (El, o 7ER), the economist estimates

- 1 & -
in — Z;),Y;).
fEal}ge?nmn;Eta((foh)( i), Y:)

Definition H.1 (Modality-Wise Diversity and Transferability). Fix population minimizers
(Grme> Prm,) € Ry, for r=1,...,R and f, € FSUb(hm), where hym = (Rimy,-- > RRmz)-

n

For each modality r and p > 0, define the source-side approximate identified set by

Hsorm, (p) = {hr € Hrm, : min ||gr o hy — grm, © hr,mrHPso,r,? < P} .

gr egr,mr

For h_, = (h1,...,hp—1,hr41,...,hR) € Hs# Hsms, let (hy, h—y) denote the multimodal

embedding whose r-th component is h,.. A jointly selected family of population target models
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is a collection {f, n : h € Hm} satisfying
fan € F(h),  h € Hum, (123)

and fp, p,, = fn. Given such a family, define

Dr‘,n(hr | hey) = ||fn,(hr,h,r) o (hy,h—y) — fn,(hr,mr,h,r) © (hnmm h*'f'>||Pta’2

and the target-side neighborhood induced by this family
Hta,r,n(p ‘ h—r) = {hr € ,Hr,mr : Dr,n(h’r ‘ h—r) < P} .

Relative to this family, we say that the modality-r source task gym, 1S (Pso,rm., Pta,rn)-diverse

over f, with respect to .y, if

,Hso,'r,mr (pso,'r,mr) C Hta,r,n(pta,r,n ’ h—r)

holds for every h_, € HS# Hsm,- Let vy, > 0for every nand r =1,..., R. Given a sequence
of jointly selected families, we say that, relative to this sequence, the modality-r source task
Grm, 18 Un-transferable to f, with respect to h,,, at rate dsorm, if, for every sequence
Pso.rmy = O(0sorm,. ), the (Psormys Psorm, /Vn,r)-diversity condition holds for all sufficiently
large n. We say that these modality-wise diversity conditions hold jointly if there exists a single
jointly selected family relative to which they hold simultaneously for every r =1,..., R and
every h_, € Hs#r Hs.m,. We say that modality-wise transferability holds jointly if there exists
a single sequence of jointly selected families relative to which the preceding transferability

condition holds simultaneously for every r =1,..., R.

This definition is the modality-wise analogue of Definition 3.2. The joint condition requires
a common selected population target model family at each n such that inclusion in each
modality-specific source-side approximate identified set implies inclusion in the corresponding
target-side neighborhood for every configuration of the other embeddings. This common

selection permits the modalities to be replaced sequentially by their estimated embeddings.

Theorem H.1 (Convergence Rate for Multimodal Transfer Learning). Fiz (grm, , hrm,) €
Rrm, forr=1,...,R and f, € F3®®(hm). Define

n

|.frn © Pn — ajckaHPtaQ =: €ta,n-
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Given ivz, define the L?(P,,)-best approvimation to f, o hym by

f2y € argmin||f o h = fu 0 hunl|p,, 2
fe}‘sub

For each modality r =1, ..., R, suppose that vy, > 0 for every n and that

||.\g/r © hT’ - g"'ymr © hrymr HPSO,T‘72 = OPSO,T (5so,r,mT)-

Suppose also that modality-wise transferability holds jointly in the sense of Definition H.1;
that is, there exists a common sequence of jointly selected population target model families
relative to which grm, is vy -transferable to f, with respect to hy,,. at rate dsorm, for every

r=1,...,R. Suppose further that
[foh =[5 0hllpa2 = Op(rian)-

Th(??%
o~ ~ '7 .
||’ Oh ataHP (]P 11;3” (ftan

1%
r—1 n,r

Proof. Fix a common sequence of jointly selected population target model families witnessing
simultaneous transferability for every modality. For » = 0,..., R, define the intermediate

multimodal embeddings

h(r) = (\ﬁl, e ,\fLr, hr+1,mr+1a ey hR,mR)'

Thus, hO) = hm and RB) = }. The triangle inequality yields

Ifoh—allpe <[ foh—fohln.z
+ Hf;;L oh— fno hmHPta,2

+ || fn 0 hm — afa||Pm,2-

The first term on the right-hand side is Op(7ta,n), and the last term equals €. By the
definition of fr:,ﬁ , the fact that fn,ﬁ € Foub (7L) C F5'b and the triangle inequality,

1125 00— fnohmnpm,a_nfn o h = fu o bl

<ZHf AT oh f (r=1) oh H—Ptd727
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where the second inequality uses f, 7o) = fn and f @& = [, ;-
For each modality r, g, € G, and the source-rate condition imply

min ||gr © h’f‘ - gTymr © hrym'r ”Pso,'r72 S ||.\g/7” © h’l" - grymr © hr,mr ”Pso,r72
gregr,mr

= OPSO,T (550,1”,7717» ) *

Each source-rate event depends only on the modality-r source sample, so the same probability
bound holds under the joint law P. Fix € > 0. For each r, the source-rate condition gives a

constant M., < oo such that for all sufficiently large n and corresponding m,,

3

P (Rr ¢ Heoram, Merdsorm.)) < -

Let M, = maxi<,<r M. ,. Since R is fixed, the union bound implies that the event

Sn = ﬁ {\f/Lr S Hso,r,mr (ME(SSOJ',?TM")}

satisfies

for all sufficiently large n and corresponding m,..
The embeddings () and A1) differ only in their r-th components. Therefore, on &,,
modality-wise transferability applies with the remaining components fixed at (El, e ,717171, Prtmesss- > PRmg)

and yields

~

Dr,n (hr ’ (Ela cee 7717“713 h7'+1,m7~+1a ceey hR,mza)) = ||fnﬁ(r) o Tl(r) - fn7,~l(r—1) o %(T_l)HPm,Q

M6,
< eYso,r,m, )

Unr

It follows that

R B ) iy
Y Mg 0 b = f 50 0 A Vg, 2 = Op (Z W) :

r=1 r=1 Yn,r
Combining these bounds proves the result. O

The population target models f, 5 used in modality-wise transferability are target-risk

minimizers, whereas f* ¥ in the target-stage condition is the L?(P,,)-best approximation to
n7
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frn © hm. The best-approximation property links these objects in the proof.
The theorem shows that, under modality-wise transferability, the representation error
accumulates additively across modalities. In the image-text special case with R = 2, the bound

becomes

~ - 0s0.i 1)
* _ 50,1Image,Mimage so,text, Miext
[foh—agllp.2=O0p <7’ta,n + , + — + €tan | -
Vn,image Un, text

Thus, the convergence rate of the target estimator depends on the sum of the source rates for

each modality, adjusted by the corresponding transferability coefficients.

I Additional Details and Results for Simulations

This section reports the Monte Carlo design reported in the introduction for the partially
linear model in Example 2.1. The goal is to illustrate how the downstream DML estimator
behaves when the target nuisance functions are aligned with the source-task representation

and when they contain a component that is not identified from the source task.

I.1 Design

In each replication, the target sample satisfies

Y; = Dib + h*(Z{*)' Bo + U,
D; = h*(Z!*) 69 + V;,

where 0y = 1, Z!* ~ N(0, Iso), U; ~ N(0,0%), and V; ~ N(0,0%) are mutually independent.

The target nuisance functions are therefore

E[D; | Z* = 2] = h*(z) do,
E[Y; — 6oD; | Zi* = 2] = h*(2)'Bo.

ap(2)

Y0(2)

The common representation map h* : R — R is a fixed random ReLU network:

:U(O)(z) =z,
29(z) = ReLU@" D ()W, 4+ by), £=1,...,5,
n*(z) = %) (z),
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with layer dimensions (do, d1, da, d3, ds, ds) = (50, 64,64, 64,64, 10), W, € R¥%-1%d and b, €
R, Each entry of W, is drawn from N(0,1/dy_1) and each entry of by is drawn from N(0,1)
once per replication and then held fixed.

The source sample is generated from

Z3° ~ N(0, Io),
S; =h*(Z°)'B + £,
e ~ N(0,0%,I7),

(g 10)

where T' = 100 and B = UA with U € R'°%5 having orthonormal columns and A € R>*100
Gaussian. Hence, the source task only identifies the five-dimensional subspace span(U) C R1°,
To compare transferable and non-transferable designs, let ag, as € R5 be Gaussian vectors

and let ¢ € RV satisfy ¢ L span(U) and ||q||2 = 1. The in-span design sets

Uag : Uas

5': ) = )
" Uagll,” T (U as]

whereas the out-of-span design sets
Bout = 2q,  Oout = 2q.

1.2 Estimation

For each replication, the source stage estimates a five-layer ReLLU representation with the same
architecture as the true A* using the mean squared error on the source sample. The reported
run uses R = 2000 replications, target sample size n = 500, source sample size m = 2000,
T = 100 source outputs, oso = oy = 1, oy = 0.5, five-fold cross-fitting, 20 source-training
epochs, batch size 128, and learning rate 1073.

Given the learned embedding \fz, each cross-fitting split estimates linear projections of Yj,
D;, and Y; — 0oD; on h(Z;):

(B () =ag™ + 57V R(2),
A (z) =@M + B R(2),

«

AR (2) =GR 4 P R(2).
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The partially linear DML estimator is then

f/i - ’(*W))(Zi)’
jji =D, — a(—k’(i))(Zl.)’
5_ Z?:l 522
Yr D?

The estimator 7(~%) is not used in the final ratio; it is recorded only to measure the prediction

error for the nuisance function ~q.

1.3 Monte Carlo Results

Table 6 shows that the in-span design is nearly centered at the truth, while the out-of-span
design produces a sizable upward shift in the distribution of 0. The mean of @ increases
from 1.005 in the in-span design to 1.197 in the out-of-span design; thus, the difference in
Monte Carlo means is approximately 0.191. This shift is accompanied by much larger nuisance
prediction errors in the out-of-span design, as shown in Table 7. In particular, the mean
squared prediction error for 7g increases from 0.110 to 10.579, and the corresponding error
for g increases from 0.044 to 2.677. These patterns are consistent with the theory. When
the target nuisance functions contain a component outside the source-identified span, transfer

learning does not recover that direction accurately enough for the downstream DML step.

Case Mean SD Median

In-span 1.005 0.212 1.004
Out-of-span  1.197 0.228 1.190

Table 6: Empirical distribution of 0 across 2000 replications.

Case Mean PE for 79y SD PE for 79 Mean PE for g SD PE for ag
In-span 0.110 0.887 0.044 0.372
Out-of-span 10.579 464.783 2.677 115.744

Table 7: Cross-fitted nuisance prediction errors from the saved Monte Carlo run.
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J Additional Details for Empirical Application

J.1 Individual-Level Cross-Fitting for Dube’s Variables

Table 8 repeats the Dube specification with three individual-level folds and five repetitions.
Both the outer cross-fitting folds and the inner tuning or validation samples are split at the
individual level, as in Dube et al. (2020), rather than at the requester level as in the main
results. Standard errors remain requester-clustered and use repetition-variance aggregation as
in the main results. The sample and the 611 controls are unchanged.

The individual-level split produces OLS, lasso, and ridge duration coeflicients of —0.3557,
—0.3478, and —0.3538, with standard errors close to 0.052. These differ substantially from the
requester-level results in Table 4. The XGB 1-3 coefficients, —0.0417, —0.0354, and —0.0343,
are closer to their requester-level counterparts, but their standard errors fall to approximately
0.004. For these learners, reward R?X values rise from 0.33-0.36 under requester-level splitting
to 0.75-0.77 under individual-level splitting. This comparison illustrates that clustering the
reported standard errors and choosing the unit of cross-fitting are distinct decisions. Potentially,
the very small p-values in Table 8 can be explained by the over-fitting of the learners due to
within-cluster dependence. To mitigate this concern, we use cross-fitting with cluster-level

folds in our analysis reported in Table 4.

Table 8: Dube controls with individual-row cross-fitting

Panel A: Linear and random-forest learners

OLS CV-Lasso CV-Ridge RF 1 RF 2 RF 3
Dube (611 features)
Estimate (s.e.) —0.3557 (0.0517)  —0.3478 (0.0521) —0.3538 (0.0518)  —0.1833 (0.0838) —0.2494 (0.0669) —0.3692 (0.0382)
p-value 5.935 x 10712 2.395 x 10711 8.243 x 10712 0.0287 0.0002 4.713 x 10722
R%/R% —3.0073 / —2.6939  0.0960 / —2.5199 —3.0079 / —2.6945  0.2294 / 0.2817 0.2783 / 0.3523 0.4693 / 0.6629
Panel B: XGBoost and neural-network learners
XGB 1 XGB 2 XGB 3 NN 1 NN 2 NN 3
Dube (611 features)
Estimate (s.e.) —0.0417 (0.0040)  —0.0354 (0.0043) —0.0343 (0.0040)  —0.2320 (0.0291) —0.2877 (0.0639) —0.2708 (0.0338)
p-value 4.542 x 1072° 2.076 x 10716 7.302 x 10718 1.574 x 107 1° 6.620 x 1076 1.184 x 107 1%
R%/R% 0.8866 / 0.7471 0.8917 / 0.7562 0.8944 / 0.7704 0.5868 / —1.4819 —17.0267 / —3.7225 —4.0260 / —3.4895

Notes: Individual-level cross-fitting uses 3 folds and 5 repetitions; 258,352 observations and 24,923 requesters.
Estimates are median coefficients on log reward in the log-duration equation. Parentheses report requester-
clustered standard errors with split-deviation inflation. Two-sided normal p-values test a zero coefficient. The
final row lists out-of-sample outcome and treatment R? scores, averaged across repetitions.

J.2 Additional Results on Robustness to Pre-Trained Embeddings

Figures 7 and 8 display the coefficients and confidence intervals for XGB 1 and XGB 3. These

specifications use the same embeddings and estimation procedure as the XGB 2 results in
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Figure 6.

J.3 Visualization of Task-Description Embeddings

We visualize the task-description embeddings from the empirical application in Section 7 using
Uniform Manifold Approximation and Projection (UMAP), a nonlinear dimension-reduction
method developed by McInnes, Healy, and Melville (2018). UMAP constructs a weighted
graph of nearby observations in the original embedding space and finds a low-dimensional
representation that approximates these neighborhood relationships. We use two dimensions for
visualization; the axes have no direct economic interpretation, and distances between separated
groups need not reflect distances in the original embedding space. It is known that UMAP
can reveal meaningful low-dimensional structures in high-dimensional data, especially for the
local neighborhood relationships.

Figures 9 to 11 display the UMAP projection of task-description embeddings constructed
from the BERT mean, colored by task category, log posted reward, and log duration. These
visualizations describe how embeddings capture task characteristics hand-engineered by Dube
et al. (2020), and they are useful controls in subsequent empirical analyses using the log reward

as the main regressor and log duration as the outcome.

142



BERT Original . P
0.8467/0.4011 ’

MultiBERT seed 0 . ®
0.8474/0.3395 ’
MultiBERT seed 1
0.8476/0.3137
MultiBERT seed 2 x ®
0.8492/0.3189 1
MultiBERT seed 3 . ®
0.8476 / 0.3358 ;
MultiBERT seed 4 . Py
0.8447/0.3408 ’
MultiBERT seed 5 . ® .
0.8505/0.3051 ; e
MultiBERT seed 6 . Py M
0.8486 /0.3676 ’ :
MultiBERT seed 7 . ®
0.8450/0.3544 ’
MultiBERT seed 8 . ®
0.8463/0.3761 ’
MultiBERT seed 9 . Py
0.8472/0.4125 ’
MultiBERT seed 10 . Py
0.8465 / 0.3467 ’
MultiBERT seed 11
0.8460/0.3675
MultiBERT seed 12 . ®
0.8467 / 0.3569 ’
MultiBERT seed 13 . Py
0.8484 /0.3621
MultiBERT seed 14 . ®
0.8448 / 0.3485 ’
MultiBERT seed 15 . Py
0.8445/0.3172 F
MultiBERT seed 16 . ®
0.8474/0.3688 ’
MultiBERT seed 17 . ®
0.8473/0.3695 ;
MultiBERT seed 18 . Py
0.8493/0.3396 ’
MultiBERT seed 19 . Py
0.8468 / 0.3886 ’
MultiBERT seed 20 . Py
0.8467 / 0.3534 ’
MultiBERT seed 21 . ®
0.8454/0.3121 ’
MultiBERT seed 22 . Py
0.8465/ 0.3596 ;
MultiBERT seed 23 ' Py
0.8465/0.3411 ’
MultiBERT seed 24 . ®
0.8462 /0.3498 ’

Aggregate i

-0.15 -0.10 -0.05 0.00
(—=1) x labor supply elasticity

® Point estimate = 90% CI 95% ClI

Figure 7: Coefficient robustness to 26 BERT embeddings (Base BERT with Mean pooling)
with XGB 1 learners

Notes: Same as Figure 6.
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Figure 8: Coefficient robustness to 26 BERT embeddings (Base BERT with Mean pooling)
with XGB 3 learners

Notes: Same as Figure 6.
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Display category (number of observations)

IF: Information finding (16,568) ® S:Surveys (71,577)

VV: Verification and validation (5,778) @ CA: Content access (30,115)
IA: Interpretation and analysis (8,225) Tied highest count (6,553)
CC: Content creation (1,397) No keyword match (118,139)

Figure 9: UMAP projection of task-description embeddings, colored by task category used by

Dube et al. (2020)
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Figure 10: UMAP projection of task-description embeddings, colored by log reward
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Figure 11: UMAP projection of task-description embeddings, colored by log duration
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